Computer-aided design of experiments by McCaa, Burwell Boykin
In presenting the dissertation as a partial fulfillment of 
the requirements for an advanced degree from the Georgia 
Institute of Technology, I agree that the Library of the 
Institute shall make it available for inspection and 
circulation in accordance with its regulations governing 
materials of this type. I agree that permission to copy 
from, or to publish from, this dissertation may be granted 
by the professor under whose direction it was written, or, 
in his absence, by the Dean of the Graduate Division when 
such copying or publication is solely for scholarly purposes 
and does not involve potential financial gain. It is under­
stood that any copying from, or publication of, this dis­
sertation which involves potential financial gain will not 
be allowed without written permission. 
7/25/68 
COMPUTER-AIDED DESIGN OF EXPERIMENTS 
A THESIS 
Presented to 
The Faculty of the Division of Graduate 
Studies and Research 
By 
> ( • • 
Burwell By'iMcCaa 
In Partial Fulfillment 
of the Requirements for the Degree 
Master of Science in Operations Research 
Georgia Institute of Technology 
June, 1972 
C O M P U T E R - A I D E D D E S I G N OF E X P E R I M E N T S 
A p p r o v e d : 
D o u g l a s /di^Molitg'bmervy "Vha&xm 
R u s s e l l G. H e i k e s 
D a t e a p p r o v e d by C h a i r m a n 7/ 
ii 
A C K N O W L E D G M E N T S 
I w i s h to e x p r e s s my s i n c e r e a p p r e c i a t i o n to Dr. 
D . C . M o n t g o m e r y , my t h e s i s a d v i s o r , for his a s s i s t a n c e 
t h r o u g h o u t the p r e p a r a t i o n of t h i s i n v e s t i g a t i o n . I am 
a l s o i n d e b t e d to D r . R.G. H e i k e s and D r . J.J. J a r v i s for 
t h e i r p e r t i n e n t comments and s u g g e s t i o n s w h i c h c o n t r i b u t e d 
m a t e r i a l l y to this i n v e s t i g a t i o n . In a d d i t i o n , t h a n k s are 
d u e C.J. J o y n e r for p r o g r a m m i n g a s s i s t a n c e d u r i n g the 
e a r l y d e v e l o p m e n t o f the F O R T R A N p r o g r a m . 
F i n a l l y , I w o u l d like to thank my w i f e , A l i c e , for 
h e r t y p i n g and e d i t i n g skills w h i c h w e r e g r e a t l y n e e d e d 
and g e n e r o u s l y a p p l i e d so that this i n v e s t i g a t i o n could 
be c o m p l e t e d in its p r e s e n t form. 
iii 
TABLE OF CONTENTS 
Page 
ACKNOWLEDGMENTS ii 
LIST OF TABLES v 
SUMMARY vii 
Chapter 
I. INTRODUCTION 1 
Repairing Response Surface Designs 
Purpose and Scope 
II. LITERATURE REVIEW 4 
III. A PROCEDURE FOR REPAIRING FIRST ORDER RESPONSE 
SURFACE DESIGNS 9 
Development of the Mean Square Error Criterion 
Optimization of the Mean Square Error Criterion 
IV. DISCUSSION OF RESULTS 24 
V. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER 
STUDY 30 
Conclusions 
Recommendations for Further Study 
Appendices 
A. LEAST SQUARES METHOD OF ESTIMATION 34 
B. DEVELOPMENT OF THE MINIMUM MEAN SQUARE ERROR 
CRITERION 36 
C. TABLES OF DESIGN CRITERIA 48 
D. DEVELOPMENT OF THE MOMENT MATRIX AND PRECISION 
MATRIX 68 
I V 
T A B L E O F C O N T E N T S ( C O N C L U D E D ) 
P A G E 
E . S A M P L E E S T I M A T E O F S T A R T I N G V A L U E S F O R N E W T O N ' S ' 
M E T H O D 7 1 
F . F O R T R A N P R O G R A M 7 3 
B I B L I O G R A P H Y 9 5 
V 
LIST OF TABLES 
Table Page 
1. Percentage of Bias Loss for Experimental 
Designs with Two Independent Variables 27 
2. Percentage of Bias Loss for Experimental 
Designs with Three Independent Variables. . . . 28 
3. Experimental Design Data for N=4,k=2,M=4, 
Bij/o-=5 50 
4. Experimental Design Data for N=5,k=2,M=5, 
3ij/o=5 51 
5. Experimental Design Data for N=8,k=2,M=5, 
Bij/a=5 52 
6. Experimental Design Data for N=6,k=3,M=4, 
6ij/a=5 53 
7. Experimental Design Data for N=8,k=3,M=5, 
3ij/a=5 54 
8. Experimental Design Data for N=10,k=3,M=7, 
B±j/a=5 55 
9. Experimental Design Data for N=4,k=2,M=4, 
Bij/o l̂O 56 
10. Experimental Design Data for N=5,k=2,M=5, 
B i j/a=10 57 
11. Experimental Design Data for N=8,k=2,M=5, 
3ij/a=10 58 
12. Experimental Design Data for N=6,k=3,M=4, 
6^/(7=10 59 
13. Experimental Design Data for N=8,k=3,M=5, 
t3i;./a=10 60 14. Experimental Design Data for N=10,k=3,M=7, 
Bi-j/ô lO 61 
vi 
LIST OF TABLES (Concluded) 
Table Page 
15. Experimental Design Data for N=4,k=2,M=4, 
3^/0=20 62 
16. Experimental Design Data for N=5,k=2 rM=5, 
3^/0=20 63 
17. Experimental Design Data for N=8,k=2,M=5, 
3ij/a=20 64 
18. Experimental Design Data for N=6,k=3,M=4, 
3ij/o=20 65 
19. Experimental Design Data for N=8,k=3,M=5, 
3 ij/a=20 66 
20. Experimental Design Data for N=10,k=3,M=7 f 
3 i j/o=20 67 
V I I 
S U M M A R Y 
I T I S N O T U N C O M M O N T H A T A N E X P E R I M E N T I S D E C I D E D 
U P O N , D A T A A R E C O L L E C T E D , A N D C O N C L U S I O N S A R E D R A W N W I T H ­
O U T C O N S I D E R I N G T H E S T A T I S T I C A L D E S I G N O F T H E E X P E R I M E N T . 
I T W O U L D B E A D V A N T A G E O U S T O D E V E L O P A T E C H N I Q U E T O U T I L I Z E 
T H E S E U N D E S I G N E D O B S E R V A T I O N S W H I L E A U G M E N T I N G T H E E X P E R I ­
M E N T W I T H A D D I T I O N A L O B S E R V A T I O N S T O E N H A N C E T H E S T A T I S T I ­
C A L P R O P E R T I E S O F T H E E X P E R I M E N T . T H E P U R P O S E O F T H I S 
I N V E S T I G A T I O N I S T O D E V E L O P A T E C H N I Q U E T O A U G M E N T E X I S T I N G 
U N D E S I G N E D R E S P O N S E S U R F A C E E X P E R I M E N T S W I T H A L I M I T E D 
N U M B E R O F A D D I T I O N A L O B S E R V A T I O N S I N S U C H A M A N N E R T H A T A N 
A P P R O P R I A T E D E S I G N C R I T E R I O N I S O P T I M I Z E D . E F F O R T S W I L L 
B E L I M I T E D T O T H E F I R S T O R D E R M O D E L A N D T H E M I N I M U M M E A N 
S Q U A R E E R R O R C R I T E R I O N . 
T H E M I N I M U M M E A N S Q U A R E E R R O R C R I T E R I O N C A N N O T B E 
M I N I M I Z E D D I R E C T L Y B E C A U S E O F U N K N O W N M O D E L P A R A M E T E R S ; 
H O W E V E R , T H I S I N V E S T I G A T I O N D E V E L O P S A N O B J E C T I V E F U N C T I O N 
W H I C H S E R V E S A S A C R I T E R I O N T H A T C A N B E M I N I M I Z E D . T H I S 
O B J E C T I V E F U N C T I O N C R I T E R I O N Y I E L D S D E S I G N S W I T H M I N I M U M 
M E A N S Q U A R E E R R O R V A L U E S C L O S E T O T H E M O S T O P T I M A L V A L U E S 
O F M I N I M U M M E A N S Q U A R E E R R O R T H A T C O U L D B E O B T A I N E D I F 
T H E M O D E L P A R A M E T E R S W E R E K N O W N * N E W T O N ' S M E T H O D F O R N O N ­
L I N E A R S Y S T E M S I S U S E D T O S O L V E T H E O B J E C T I V E F U N C T I O N , 
A N D N E W O B S E R V A T I O N S A R E A D D E D T O T H E I N I T I A L E X P E R I M E N T 
v i i i 
s e q u e n t i a l l y , 
A s t a t i s t i c a l l y w e a k r e s p o n s e s u r f a c e e x p e r i m e n t a l 
d e s i g n m a y be s i g n i f i c a n t l y improved by s e q u e n t i a l l y adding 
n e w o b s e r v a t i o n s in the n u m b e r and m a n n e r d i c t a t e d by the 
m i n i m i z a t i o n of the o b j e c t i v e f u n c t i o n . S i n c e the d e t e r m i ­
n a n t of the (X'X) m a t r i x is g e n e r a l l y used in the l i t e r a t u r e 
to m e a s u r e the v a l u e of an e x p e r i m e n t a l d e s i g n , it w a s 
c o m p u t e d for all the d e s i g n s c o n s i d e r e d in this i n v e s t i g a ­
t i o n . The d e t e r m i n a n t of the (X'X) m a t r i x c r i t e r i o n 
c a n n o t be c o n s i d e r e d a v a l i d d e s i g n c r i t e r i o n in c o n j u n c t i o n 




1.1 Repairing Response Surface Designs 
It is not uncommon that an experiment is decided 
upon, data are collected, and conclusions are drawn with­
out considering the statistical design of the experiment. 
The results of such experiments are often such that impor­
tant effects are confounded, regression coefficients are 
biased, or other information is limited in value. Since 
each measure of the response variable in an experiment 
represents a commitment of time and resources, such measure­
ments are generally limited. Therefore, it would be 
advantageous to develop a technique to utilize these un­
designed observations while augmenting the experiment with 
additional observations to enhance the statistical properties 
of the experiment. Such a technique to "repair" an undesign­
ed experiment should minimize expenses while maximizing the 
statistical value of the data collected. 
Statisticians have long known the value of designed 
experiments, and certain concepts and techniques have formed 
a methodology known as design of experiments. Texts by 
Davies ( 4 ) , Fisher and Yates ( 6 ) , Hicks (8) and Kempthorne 
(9) have documented techniques for designing experiments 
2 
which are appropriate for most situations. In addition. 
Box and Wilson (2) have outlined designs to satisfy certain 
criteria in response surface methodology. Their work has 
been expanded extensively, culminating in a recent text 
by Myers (12). All of these techniques assume the experi­
ment is designed in advance of collecting the data, use the 
method of least squares to estimate model parameters, and 
usually include an analysis of variance. 
Response surface methodology assumes the response can 
be approximated by a low order polynomial in the independent 
variables. Usually, a first or second order polynomial 
model is assumed and the experiment is designed to satisfy 
some design criterion. If one limits the range of the 
independent variables to a sufficiently small region, the 
true response function might have little curvature within 
this region of interest? and a first order model is often 
appropriate. In fact, most response surface investigations 
make an initial first order assumption before a higher order 
approximation is used. Improper design problems are often 
found in applying response surface methodology to industrial 
experimentation. Such designs are generally initiated by 
experimentors attempting to optimize the response of some 
system. If the results obtained from such a design are 
not adequate, a statistician might be asked to repair the 
experiment within a limited number of additional observations. 
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1,2 Purpose and Scope 
The purpose of this investigation is to develop a 
technique to augment existing undesigned response surface 
experiments with a limited number of additional observa­
tions in such a manner that an appropriate design criterion 
is optimized. Efforts will be limited to the first order 
model and the minimum mean square error criterion. The 
minimum mean square error is the average of the expected 
squared deviations of the true response from the estimated 




Few design repair techniques have been reported in 
the literature dealing with experimental design. The most 
extensive approach to the subject is in an unpublished 
paper by Mitchell (11). Mitchell develops a technique for 
augmenting a set of existing observations so that the 
determinant of the (X'X) matrix is maximized. This cri­
terion can be shown to be equivalent to minimizing the 
variance of the regression coefficients. The technique 
assumes that the model used to fit the empirical data is 
correct, and the determinant of the (X'X) matrix criterion 
offers only limited protection against bias from higher 
order terms. Assuming an initial matrix X, Mitchell aug­
ments the design with the vectors a^, a2r«»»r«4nr to form 
an augmented matrix X. That is. 
Let the ith row of A be £ ( a ^ ) ' , i=l, 2,...,m, and 
V = ( X ' X ) ~ 1 , V = ( X ' X ) ~ 1 . 
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Using a theorem due t o R . L . P l a c k e t t (13) one obtains 
V=V - V A' (I + A V A 1 ) ~^A V, ( 2 . 1 ) 
and then 
| V | = |V| . ( 2 . 2 ) 
I + A V A' 
I f only one point i s added a t a t ime, t h a t i s m=l, and the 
o r i g i n a l design i s augmented by the s ingle point a , then 
A = f ( a ) ' . Subst i tut ing in to equation ( 2 . 1 ) , 
V=V - V f (a) f (a) 'V 
1 + f (a) -V f (a) 
and f i n a l l y 
V|= 111 ( 2 . 3 ) 
1 + f (a) »V f (a) 
The determinant of the matr ix c r i t e r i o n requires 
minimization of i t s inverse | v | . Since the var iance of 
the model parameters equals o* 2 (X'X)""^ or a 2 V, the determi­
nant |V| can be minimized in equation ( 2 . 3 ) by placing the 
augmented point where the var iance f ( a ) ' V f ( a ) of the 
6 
predicted response is greatest. 
In summary, Mitchell found that the determinant of 
(X'X) could be maximized by adding additional points in a 
sequential fashion at the weakest (in a variance sense) 
existing place in the design. Adding all M points simul­
taneously is impractical using Mitchell's method. This 
investigation will propose an augmentation scheme that 
uses a different and perhaps more valid criterion for 
optimality. The proposed method also locates the new 
observations sequentially. 
Another approach is due to Dykstra ( 5 ) . Dykstra 
balanced or orthogonalized designs according to three 
separate criteria. However, each criteria, either directly 
or indirectly, amounted to maximization of the determinant 
of the (X'X) matrix. Dykstra recognized that a solution 
might be obtained by adding one observation at a time; 
however, he maintained that orthogonality could be guaranteed 
only by adding new points in pairs. Although orthogonality 
is not the sole criterion for design optimality in this 
investigation, it is an important consideration. 
Gaylor and Merrill (7) have also considered the 
augmentation problem and have observed that the maximum 
variance of a predicted response in an orthogonal design 
is at one or more of the corners of the experimental region. 
It was further observed that the variance could be reduced 
by adding observations at the design corners. These obser-
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vations were extended to nonorthogonal designs, and it 
developed that variance could be reduced with a simultaneous 
move toward orthogonality by adding new points to the 
corners of the design region. Gaylor and Merrill used the 
maximization of the determinant of the (X'X) matrix cri­
terion to judge relative improvement in their augmented 
designs, and they added all M new observations simultaneously. 
The Gaylor-Merrill technique appears to be the basis for 
the more explicit development presented by Mitchell. Both 
techniques, Gaylor-Merrill and Mitchell, suffer the limita­
tions of the (X'X) criterion with regard to protection 
against bias. In addition. Gaylor and Merrill use ortho­
gonality as the sole consideration in design theory. 
Kennard and Stone (10) have considered the slightly 
related problem of augmenting designs that cannot be bound 
by a simple geometric shape because of practical limitations. 
They focus on covering the region of interest by selecting 
only uniformly spaced observations from an a priori set of 
candidate points. The technique uses no explicit criterion 
to measure coverage of the design region but follows a 
set of general guidelines. The Kennard-Stone technique 
seems to be applicable only in the special, but certainly 
practical, situations for which it was developed. 
Existing methods of design augmentation in the current 
literature use, directly or indirectly, the maximization 
8 
of the d e t e r m i n a n t of the (X'X) m a t r i x as the o p t i m i z a t i o n 
c r i t e r i o n . T h e s e t e c h n i q u e s do not d e v e l o p e x p l i c i t o b ­
j e c t i v e f u n c t i o n s that e x p r e s s this c r i t e r i o n d i r e c t l y . 
I n s t e a d t h e y e m p l o y simple s e a r c h t e c h n i q u e s to l o c a t e the 
m a x i m u m v a r i a n c e w i t h i n the d e s i g n region and add the a d d i ­
t i o n a l o b s e r v a t i o n s at these m a x i m u m v a r i a n c e l o c a t i o n s . 
In t h i s i n v e s t i g a t i o n a d i f f e r e n t c r i t e r i o n for o p t i m a l i t y , 
m i n i m u m m e a n s q u a r e e r r o r , w h i c h has m o r e i n t u i t i v e a p p e a l 
is u s e d . A n e x p l i c i t o b j e c t i v e f u n c t i o n that e x p r e s s e s 
t h i s c r i t e r i o n d i r e c t l y w i l l be p r e s e n t e d . 
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CHAPTER III 
A PROCEDURE FOR REPAIRING FIRST ORDER 
RESPONSE SURFACE DESIGNS 
3.1 Development of the Mean Square Error Criterion 
The goal of this investigation is to develop a tech­
nique for augmenting a given, first order, non-optimal 
design with a limited number of additional observations in 
such a manner to optimize the design with respect to an 
appropriate criterion. It is, therefore, necessary to 
choose a design criterion that not only has intuitive appeal 
but also lends itself to standard optimization techniques. 
Most design criteria, such as the determinant of the (X'X) 
matrix, are directly related to considerations of the vari­
ance of the estimated response. These criteria provide 
only minimal protection against bias of the regression 
coefficients due to inadequacy of the fitted polynomial. 
Since in this investigation a first order model is assumed, 
considerable bias error may be present if the true response 
function is not linear. Box and Draper (1) have introduced 
the mean square error criterion which provides a means of 
considering both bias and variance of the estimated re­
sponse averaged over the entire region of interest. 
In response surface designs a measured response n . 
1 0 
a f u n c t i o n o f k i n d e p e n d e n t v a r i a b l e s n = f ( x ^ , X 2 , • • • , 
i s t h e e x p e r i m e n t a l d a t a c o l l e c t e d . T h e p u r p o s e o f a n 
e x p e r i m e n t i s t o e s t i m a t e t h e u n k n o w n p a r a m e t e r s i n t h e 
f u n c t i o n f . T h e s e p a r a m e t e r s r e l a t e t h e i n d e p e n d e n t v a r i ­
a b l e s x ^ t o t h e m e a s u r e d r e s p o n s e n . T h e f u n c t i o n f i s 
g e n e r a l l y a p p r o x i m a t e d b y a l o w o r d e r p o l y n o m i a l w h i c h i n 
t h i s i n v e s t i g a t i o n w i l l b e a s s u m e d t o b e f i r s t o r d e r . T h a t 
i s , t h e f u n c t i o n f i s a p p r o x i m a t e d b y t h e p o l y n o m i a l 
Y = X 3 + e 
w h e r e ( e ) i s r a n d o m e r r o r a s s u m e d t o b e n o r m a l l y a n d i n d e ­
p e n d e n t l y d i s t r i b u t e d w i t h m e a n z e r o a n d v a r i a n c e a 2 . T h e 
3 q 9 $ \ 9 • • • 9 f t f c a r e u n k n o w n , c o n s t a n t c o e f f i c i e n t s o f t h e 
i n d e p e n d e n t v a r i a b l e s x ^ a n d a r e e s t i m a t e d b y t h e m e t h o d 
o f l e a s t s q u a r e s . A p p e n d i x A c o n t a i n s a d e v e l o p m e n t o f t h e 
l e a s t s q u a r e s e s t i m a t i o n o f t h e 8 ^ ' s . T h e p r e d i c t e d 
r e s p o n s e i s 
Y = X B 
a n d i n a d d i t i o n 
V a r £ = X ' [ V a r j j x 
1 1 
w h e r e 
V a r S«E[S-£] [£-£] 1 
w h i c h r e d u c e s t o 
V a r £ = a 2 ( X ' X ) " * ! # 
T h e m e a n s q u a r e e r r o r c r i t e r i o n c a n n o w b e e x p r e s s e d 
a s 
J = { [ N / a 2 ] / R E [ y ( x ) - f ( x ) ] 2 d x } / / R d x ( 3 . 1 ) 
w h e r e N i s t h e n u m b e r o f o b s e r v a t i o n s m e a s u r e d , f i s t h e 
a c t u a l r e s p o n s e f u n c t i o n , a n d / R d x i s t h e v o l u m e o f t h e 
r e g i o n o f i n t e r e s t , R . W e s e e t h a t J i s t h e a v e r a g e o f t h e 
e x p e c t e d s q u a r e d d e v i a t i o n o f t h e t r u e r e s p o n s e f r o m t h e 
e s t i m a t e d r e s p o n s e o v e r t h e r e g i o n o f i n t e r e s t . I f o n e 
a s s u m e s a r e g i o n o f i n t e r e s t R e q u a l t o a u n i t h y p e r s p h e r e , 
t h e i n d i c a t e d i n t e g r a t i o n c a n b e e a s i l y p e r f o r m e d . A p p e n d i x 
B c o n t a i n s t h e d e t a i l s o f t h e d e v e l o p m e n t o f J . 
A n e x p r e s s i o n m a y b e g i v e n f o r J i n t e r m s o f t h e 
a v e r a g e v a r i a n c e o f y , s a y V , a n d t h e a v e r a g e s q u a r e d b i a s 
o f y , s a y B . T h a t i s , 
V = l + £ ( c J J / k + 2 ) ( 3 . 2 ) 
j = l 
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where ĉ J is the jjth element of the matrix C=N(X'X)~1, 
and 
k k k k B=l/k+2 Z { E E a. - E C9h[hij]}2 (3.3) g=l i=l j=i Jh=l 
k k +{ E E oii([ij]-6ij/k+2)} i=l j=l 





Appendix B also contains a detailed development of equations 
(3.2) and (3.3). 
3.2 Optimization of the Mean Square Error Criterion 
The criterion, J, cannot be minimized directly because 
of the unknown ft^j's; however, it is shown in Appendix C 
that the average squared bias dominates J. Therefore, if 
one minimizes bias alone and neglects variance, the result­
ing design yields values of J very close to the optimal J 
1 3 
f o r d e s i g n s w h i c h a s s u m e t h e P ^ j ' s t o b e k n o w n . I t i s 
e a s i l y s e e n f r o m e q u a t i o n ( 3 , 3 ) t h a t t h e a v e r a g e s q u a r e d 
b i a s B i s m i n i m i z e d b y f o r c i n g a l l t h i r d a n d m i x e d s e c o n d 
m o m e n t s o f t h e d e s i g n m a t r i x t o z e r o , a n d b y f o r c i n g a l l 
p u r e s e c o n d m o m e n t s t o ( l / k + 2 ) . T h a t i s , B i s m i n i m i z e d 
w h e n 
k k 
[ h i j > 0 o r Z Z Z (Z x i i x i £ x i ) « - 0 ( 3 . 4 ) 
j J l > j p > J l i J F 
k 
[ i j ] - 0 o r Z Z (Z x i . x i j l ) = 0 ( 3 . 5 ) 
j t>j i 3 
[ i i ] = l / k + l o r E [ E ( x i . 2 ) - N / ( k + 2 ) ] = 0 ( 3 . 6 ) 
j i 
I f t h e a d d i t i o n a l r e s t r i c t i o n t h a t £ x ^ j = 0 i s a d d e d , t h e 
a b o v e r e q u i r e m e n t s c a n b e i n c o r p o r a t e d i n t o t h e c l a s s o f 
o r t h o g o n a l d e s i g n s . T h e c o n c e p t o f a d e s i g n m o m e n t a n d 
t h e s q u a r e b r a c k e t n o t a t i o n a r e e x p l a i n e d a n d i l l u s t r a t e d 
i n A p p e n d i x D . T h e a b o v e c o n d i t i o n s , w h i c h m i n i m i z e 
a v e r a g e s q u a r e d b i a s B , c a n b e e x p r e s s e d i n a s i n g l e o b ­
j e c t i v e f u n c t i o n , s a y F . T h a t i s , B i s m i n i m i z e d w h e n F 
i s z e r o a n d 
F ( X ) = Z ( Z x . . ) 2 + E ( 2 : ( x i . 2 ) - N / k + 2 ) 2 ( 3 . 7 ) 
j i J j i 3 
k k k 
+ 2 Z Z (Z x . . x . . x i T J 2 + Z Z (Z x . . x . j ) 2 . 
j J l > j p>i i 1 J * p j j>l i 1 3 1 
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If a set of N experimental trials are given, and M additional 
observations are allowed to optimize the design, the first 
N runs will fix the values of x ĵ for i=l,2,...,N and j=l, 
2 , . . . , k . That is, let 
N 
I x i j = c j 
N Z(Xi j-N/k+2)=c. i J 
N Z(x ijX i J tx i )-Cj £ p 1 
N 
Z(x i j X i J l )=c j r 
The function F can now be written 
F(X)=E(Ci+ E x i i) z+E(c> Z x. . ) 2 (3.8) j J i=N+l j J i=N+l J 
k k M k M 
+? . Z - Z. (°j^P +. S 1 x i j x iA x i p ) 1 + ? . Z . ( c J * + . Z , x i j x i A , a ' j £>j p>j J F i=N+l j *>j i=N+l J 
where the x^ are now only components of the augmented 
design points. 
Numerical techniques may be used to minimize the 
function F. Newton's method is used in this investigation 
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and adequate results are obtained. However, reduced com­
puting time and greater generality might be obtained by 
using more sophisticated methods for solving non-linear 
systems. Using Newton's method, the first partial deriva­
tives of equation (3,8) with respect to each of the 
variables x^j are required. It is convenient to limit M 
to one and add new observations sequentially, therefore 
n 2 3F (X) = 1 ; Lf=2 (c-j+x^) +2 (c-j+x^) 2 x i x (3.9) 
1.1 
k k 
+2 1 Z ~ < c l P i l + x l l x H l x l p > * < x l l x U x i p - " 
3x 11 
+ 2 ^ 2 ( c u + xii x u ) x u 





+2 Z Z 
l>2 p>& 
( c 2 p j l + x 1 2 X U X l p ) 3 ( x 1 2 x l J l x l p ) 
3x 12 
+ 2 ^ 3 ( C l ) l + X 1 2 X l ) l ) X ^ 
1 6 
3 F ( X ) = . F = 2 ( C ! + X _ . ) + 2 ( C * ! + X 2 . ) 2 X , . 
z _ I D D I D D I D I D 
3 X L J 
( 3 . 1 1 ) 
K K 
+ 2 Z Z 
£ > J P > £ , 
( C . + X X , X ) 3 ( X t - x , X ) 
J P A L J 1 * L P ! D L £ L P ' 
3 X I _ 
+ 2 J J ( C J * + X I J X I A ) X I * ' 
I N A D D I T I O N , S E C O N D P A R T I A L D E R I V A T I V E S O F E Q U A T I O N S ( 3 . 9 ) 
T H R O U G H ( 3 . 1 1 ) W I T H R E S P E C T T O A L L V A R I A B L E S X ^ J A R E R E ­
Q U I R E D . T H A T I S . 
8 2 F ( X ) = 1 1 F 1 1 = 2 + 4 r ( C ! [ + X ^ ; L ) + 2 X £ 1 L + 2 Z X ^ 
3 X N 2 L J 1 = 2 
K K 
+ 2 Z Z 
' 3 < X L L X L A X L P ^ 4 
L \ 3 X 1 1 
+ ( C L P £ + X L L X L £ X L P ) 3 2 ( X L L X L £ X L P ) 
3 X 
1 1 
A L F ( S > = = L L F 1 2 = 2 ( C 1 2 + X L L X 1 2 ) + 2 X L 2 X H + 
3 X L L 3 X 1 2 
K K 
+ 2 Z Z 
i>l P > £ '





( C L P ^ X L L X L ^ X L P ) ( X H X L A X L P ) " 
3 X L L 3 X L 2 
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3 2F(X) ( c x j + x l l X l j ) + 2 X l l x x . 
3 x l l 3 x l j 
k k r-
+2 Z Z 
£>1 p>£ 3<
xll xlJl xlp> 3 ( x l l x l * x l p > + 
3xlj 3 x l l 3 x l j 
l̂pA l̂̂ l̂ lp) 3 2 <xllxlixlp> 
3 xll3 xlj 
3 2F(X) - 1 2 f - 2 < c l 2 + X l l x 1 2 ) + 2 x 1 2 x 1 1 + 
^ x12 3 x l l 
k k 
+2 Z Z 
£>1 p>£ 
3(x12 xl£ xlp ) 3 ( x12 xl£ xlp ) + 
axxl 7x 12 
< c2p£ + x12 xl£ xlp* 3 2 (x12xl£xlp ) 
3 2 P (X) = 1 2 f 1 2 = 2 + 4 |~(c 2+x^ 2) +2x 1 2 j +2 Z 
3 x12 3 x l l 
k 2 xl£ 
3x 12 
k k 
+2 Z Z 
£>1 p>i I
 3 <X12XUXlp> \ 2 + <C2rJ-X12Xl£XlJ 
\ 3x 12 
2p?'\L2*\Lrvlp' 
( 3 2 ( x 1 2 X l J l x l p ) ) 
^ 1 ? -
! ! E i^-12 fIj- 2 ( clj + x12 xlj , + 2 x12 xlj 
k k 
3 x 1 2 3 x l j 
+2 1 I 
&>1 p>£ 
8(x x . x ) 8(x x x ) 12 ll lp 12 11 lp + 
ax- ax. 12 — i j 
( c 2 p A + x 1 2 X U X l p ) 3 2 ( x 1 2 x l 4 x i p ) ' 
3 x 1 2 3 x l j 
I 2 ^ " « f i i " 2 ( c i j + x i i x i j > + 2 x i i x i j 
3 x i j 3 x n 
k k 
+2 1 I 
1>1 p>& 
3 <*i j * U * l p > 3 < x l j x U x l p > + 
3 x l j '11 
( C J P ^ + X 1 J X 1 A X 1 P ) 3 2 < x l j x U x l p ) 
3 x l j 3 x l l 
8 2 F ( X L = l j f 1 2 = 2 ( c l j + x l j x 1 2 ) + 2 x 1 2 x l j 
k k 
3 x l j 3 x 1 2 
+2 1 I 
1>1 p>l 3 ( X l j x u x l p ) a(xljx11x ) 
3 x l j dx 12 
( C i P ^ X l i X U X l p ) 3 2 ( X l J X U X l p ) 
3 x l j 3 x 1 2 
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3 2F(X)=, J f 1 , = 2 + 4 f ( c . + x i .)+2xl.1+2 E x. , 
L 3 I D 13J £>j l* 3 x l j 
k k 
+2 E E 
1>1 p>i 
3 x l j 
(cjp£'t"xlixlJtxlp) 3* ( x l j x l i t x lp ) 
^ l j 2 
The minimum of F(X) is now found through the iterative 
equation 
x g h " x g h " 
l l f l l I 2 f l l " * l l f l j f H 
l l f 1 2 1 2 f 1 2 ••• 1 2 f ••• l j f 1 2 
l l r l j 1 2 r l j *** l j r *** lj flj 
l l f l l 1 2 f H • • • g h f l l " ' l j f l l 
ll f12 1 2 f 1 2 • • • g h f 1 2 ' " l j f 1 2 
l l f l j 1 2 f l j ' " g h f l j " ' l j flj 
where x g n represents a specific variable x^j and x ° ^ repre­
sents an initial starting estimate for the iterative 
procedure. The denominator of equation (3.12) is the 
Jacobian of the functions (,, f ~ f . f ) , and the vector 
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( X 1f , 1 2 f ,..., Xjf) • replaces the vector ( g hf n , g h f 1 2 , . . . , 
gh^lj^' t ^ i e J a c o ^ i a n t o form the nuraberator of equation 
(3.12). 
Using Newton's method the necessary conditions for a 
minimal solution to the objective F are satisfied; however, 
sufficiency is not satisfied. The third partial derivatives 
of the objective function would provide the sufficiency 
requirement; but this method would unduly lengthen computing 
time. It is adequate to observe the successive values of 
F and judge sufficiency if F moves toward a minimum value 
during the iterative solution process. Newton's method 
will converge if the initial estimate of the solution is 
sufficiently close to the final solution. However, it is 
very difficult to estimate the x^-j's for more than one 
observation at a time. For this reason M was limited to one 
and the observations were added sequentially. If one 
examines an all-bias design (12), it is seen that the design 
is perfectly balanced with respect to orthogonality and 
location of design points about the center of the region of 
interest. In addition all x^j are located at 
G=+ /l/(k+2) . 
These facts lead to an iterative scheme for producing 
initial estimates of the additional observations which are 
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sufficient for Newton's method to converge quickly. If 
each point in the design matrix is considered a vector in 
the space defined by the region of interest, the resultant 
vector of all vectors or design points in a perfectly 
designed experiment is zero. The augmented design point 
is, therefore, selected to force the resultant vector of 
the augmented design matrix to zero, and it is simultaneous­
ly clustered about G. Appendix E contains an example 
estimate of an initial design point. 
A procedure for selecting an appropriate design cri­
terion, and a method for optimizing that criterion have 
been discussed. It remains to develop some control 
criteria to give one a measure of design improvement 
using the above augmentation procedures. It is natural to 
consider the determinant of the (X'X) matrix because of 
its nearly universal use in the literature. In addition, 
values for V, B, and J may be estimated if one assumes 
certain values for the 3^j's and a 2 . In this investigation 
the 3ij's are all chosen to be one and a is chosen to be 
0.1, 0.2, and 0.05. A ratio of improvement that compares 
J for the initial undesigned experiment, say J j , to J for 
the final augmented design, say J F , can also be computed. 
Since J is a function of the number of observations N, a 
correction factor for Jj and Jp must be applied. The J 
value for a perfectly designed all-bias experiment of the 
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same design dimensions as the undesigned experiment, say 
J A B I ' * s s u b t r a c t e < * from J j , and in similar fashion J for 
a designed all-bias experiment of the same dimensions as 
the final augmented experiment, say J^gp, is subtracted 
from Jp, Now the improvement ratio may be expressed as 
J F " J A B F 
J I " J A B I 
which tends to zero as the final augmented design approaches 
the designed all-bias experiment. Finally, the value of the 
objective function F(X) can be compared before and after 
augmentation. All of the above criteria are computed for 
each design considered. Appendix C contains tables of 
these criteria by design dimensions. 
To test the proposed procedure, near random designs 
are generated through a modification of the subroutine, 
RANDU (14), and they are used as the assumed undesigned 
experiments to be optimized. Undesigned experiments con­
sisting of two independent variables with four, five, and 
eight runs and three independent variables with six, eight 
and ten runs, are considered. The number of augmented 
observations for each test case design begins with one 
and is increased sequentially to the required number of 
additional observations. Each experimental design 
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(arrangement of N, k, and M) is r e p l i c a t e d (10) t i m e s . 
The F O R T R A N p r o g r a m used in t h i s i n v e s t i g a t i o n is 
r e p r o d u c e d in A p p e n d i x F. 
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C H A P T E R IV 
D I S C U S S I O N O F RESULTS 
T h e o b j e c t i v e of this i n v e s t i g a t i o n w a s to d e v e l o p 
a p r o c e d u r e for r e p a i r i n g i n a d e q u a t e r e s p o n s e s u r f a c e d e ­
signs b y a u g m e n t i n g t h e m w i t h a d d i t i o n a l o b s e r v a t i o n s . 
I m p r o v e m e n t in the r e p a i r e d d e s i g n s w a s to be m e a s u r e d by 
the r e l a t i v e m i n i m i z a t i o n of a v e r a g e s q u a r e d b i a s B, The 
a v e r a g e s q u a r e d b i a s w a s m i n i m i z e d by m i n i m i z i n g an o b j e c t i v e 
f u n c t i o n F ( X ) . If a s t a t i s t i c i a n is a l l o w e d M a d d i t i o n a l 
o b s e r v a t i o n s to r e p a i r a d e s i g n , he m i g h t use the t e c h n i q u e 
d e v e l o p e d in t h i s i n v e s t i g a t i o n to t a b u l a t e the v a l u e o f 
F(X) for e a c h a d d i t i o n a l o b s e r v a t i o n s e q u e n t i a l l y and then 
p i c k a n u m b e r of n e w e x p e r i m e n t a l o b s e r v a t i o n s that 
c o r r e s p o n d s to the m i n i m u m v a l u e of F ( X ) • 
T h e r e s u l t s of this i n v e s t i g a t i o n are d e t a i l e d for 
e a c h e x p e r i m e n t a l d e s i g n c o n s i d e r e d in A p p e n d i x C, T h e 
m i n i m u m v a l u e for the m i n i m i z a t i o n f u n c t i o n F(X) does not 
a l w a y s c o r r e s p o n d to the m i n i m u m v a l u e o f a v e r a g e s q u a r e d 
b i a s B as w a s e x p e c t e d . H o w e v e r , r e c a l l i n g the d i s c u s s i o n 
of the r e p a i r p r o b l e m in C h a p t e r I, it w a s a s s e r t e d that 
d e s i g n r e p a i r is r e q u i r e d w h e n an i n i t i a l d e s i g n p r o d u c e s 
i n a d e q u a t e r e s u l t s . S i n c e , in this i n v e s t i g a t i o n , i n i t i a l 
d e s i g n s w e r e c h o s e n by a r a n d o m p r o c e s s , it is n o t u n l i k e l y 
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that some random placing of observations might evenly cover 
the region of interest and, thereby produce a near optimal 
design. It also seems likely that as the number of obser­
vations increase relative to the number of independent 
variables, the probability of improving the coverage of 
the region of interest will increase. In fact, the results 
of this investigation tabulated in Appendix C verify these 
conjectures. Since the design repair technique in this 
investigation was envisioned for use on poor initial designs, 
it is reasonable to disregard those designs which are 
initially optimal with respect to average squared bias. 
Designs which are initially near-optimal with respect to 
average squared bias, that is the initial value of B is of 
the same order of magnitude as the minimum value of B, may 
also yield poor results. 
The value of F(X) as a predictor of the average 
squared bias can be tabulated. Consider any given experi­
mental design for which new observations are added 
sequentially, let the initial value for B be BQ, the minimum 
value of B be Bm, and the value of B that corresponds to 
the minimum value of the minimization function F(X) be Bf. 
Then the percentage bias loss incurred by choosing M to 
correspond to the minimum value of F(X) can be estimated as 
PBL = (Bo-BmJ-tBo-Bf) x 100% 
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Values of PBL are tabulated in Tables 1 and 2. Designs 
which were optimal with respect to average squared bias 
in the initial case are disregarded, and near optimal 
initial designs are noted by an asterik. 
Since average squared bias and minimum mean square 
error cannot be minimized directly, the objective function 
F is minimized by the sequential addition of new experi­
mental observations. The minimum value of the F criterion 
provides a new augmented design which is close to a design 
that would be obtained if B and J could be minimized 
directly. Several designs are not satisfactorily improved 
by the minimization of F(X). Most of these anomalies are 
either nearly optimal in the initial design and are noted 
by an asterisk, or the initial design values of B are of 
the same order of magnitude as the optimal design values of 
B. 
The determinant of the (X'X) matrix is tabulated for 
each design considered in this investigation. In addition 
the determinant of the (X'X) matrix is computed for each 
new observation added to a given design. The results of 
this investigation indicate a monotonic increase in this 
criterion with each additional observation. In fact, this 
criterion continued to increase when the average squared 
bias reached very large, unacceptable values. For example, 
consider test case 4 of experimental design N=10, k=3. 
Table 1. Values of Percentage Bias Loss 
Experimental Designs with Two Independent Variables 







1 3.84% 17.46% 
2 .19 11.81 79.49%* 
3 0 66.95 207.08 * 
4 0 .68 
5 .76 15.36 
6 176.09 * 
7 4.51 
CO 1.59 38.64 8.64 
9 2.36 56.67 44.47 
10 .68 
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Table 2. Values of Percentage Bias Loss 
Experimental Designs with Three Independent Variables 







1 .62% 0 % 2.58% 
2 0 11.49 15.92 
3 61.83 1.59 1.77 
4 20.24 4.98 0 
5 0 3.42 0 
10.55 1.44 4.14 
1 1.37 1.97 24.22 
8 1.90 0 0 
9 0 8.80 23.02 
10 0 57.60 11.66 
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and M=7. This example shows that the determinant of the 
(X'X) matrix increased from a low of 3.774 to a high of 
40,393.2 81 in seven steps while the average squared bias 
began at 10,317.319, dropped to a low of 1678.968, and 
rose to a high of 423,674.965. The determinant of the 
(X'X) matrix typically reflected none of these fluctuations 
in B. If the minimum mean square error criterion is 
accepted, the determinant of the (X'X) matrix criterion 
seems to be invalid. 
Average squared bias was assumed to dominate the 
minimum mean square error in the development of the objec­
tive function F ( X ) ^ The results of this investigation 
justify this assumption. However, the degree of domination 
of B over J is determined by the &±j/o ratio. As reflected 
by the tables in Appendix C, the domination of B over J 
is more pronounced as the ratio B^j/a is increased. It 
is conceivable that the ratio of model parameters to o 
could be sufficiently decreased to negate this dominance 
and invalidate the all-bias criterion. All ratios of 
B^j/a in this investigation are sufficiently large to 
guarantee the dominance of B over J. The computed values 
of minimum mean square error and improvement ratio, there­
fore, afford no additional insight into the relative 
improvement of any given design augmentation. 
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CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY 
5,1 Conclusions 
Three significant conclusions are indicated by the 
results of this investigation. They are. in order of 
importance: 
1, An undesigned, statistically weak response surface 
experiment may be significantly improved by 
sequentially adding new observations in the number 
and manner dictated by the minimization of the 
function F(X) which yields designs with J values 
close to the optimal values of J, 
2, The determinant of the (X'X) matrix criterion can­
not be considered a valid design criterion in 
conjunction with the minimization of mean square 
error, 
3, The assumption that minimum mean square error is 
dominated by average squared bias is valid only 
so long as the ratio of model parameters to a is 
sufficiently large. 
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5.1 Recommendations for Further Study 
Several important areas were not considered in this 
investigation and merit additional study. It would seem 
desirable to add all additional observations simultaneously. 
Such a simultaneous augmentation technique could provide 
greater flexibility in the selection of the additional obser­
vations and thereby further reduce the optimal value of 
the objective function F ( X ) . However, as previously stated, 
it is extremely difficult to estimate an initial solution 
for more than one observation at a time. If an estimation 
technique for multiple initial observations could be developed, 
simultaneous augmentation of all new observations would be 
possible. 
The data produced in this investigation suggests that 
all terms of equation (3.3) are not of equal weight when 
minimizing the average squared bias. However, the relative 
importance of any one of the terms of equation (3.3) com­
pared to the other terms if not always constant. If it 
could be shown that the average squared bias is dominated 
by a specific term in equation (3.3) for a given range of 
observations, minimization of B could be simplified by 
concentrating on this term. 
Since the results of this investigation indicated 
that statistically weak, first order designs could be 
improved by the augmentation technique presented, it would 
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be desirable to extend the technique to the second order 
case. Certain design parameters that minimize minimum 
mean square error for second order rotatable designs have 
been tabulated by Box and Draper (2). It remains to 
develop an objective function F(X) which can be minimized 
and simultaneously minimizes mean square error. 
A block effect introduced by time delays is potentially 
present in any augmented design. This block effect has not 
been considered in this investigation. However, adding an 
additional, dummy independent variable at the zero level 
to the initial experimental designs would allow the 
statistician to isolate the blocking effect in the augmented 
designs and measure its importance. It would be informative 
to sequentially decrease the $ij/cr ratio to determine an 
explicit meaning for the statement that average squared 
bias dominates minimum mean square error if the ratio is 
sufficiently large. Since the augmentation technique 
developed in this investigation seems most effective when 
the initial experimental design is very poor, it would be 
advisable to assemble a number of practical response sur­
face designs that need repair and measure the value of this 
augmentation technique on these real world problems. 
Finally, this investigation casts doubt on the 
validity of the determinant of the (X'X) matric criterion. 
Since this criterion has near universal use in the litera-
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t u r e , it w o u l d be v a l u a b l e to study f u r t h e r the r e l a t i o n s h i p 
b e t w e e n the d e t e r m i n a n t of the (X'X) m a t r i x and m i n i m u m 
m e a n s q u a r e e r r o r . 
A P P E N D I X A 
L E A S T S Q U A R E S M E T H O D O F E S T I M A T I O N 
G i v e n t h e m o d e l 









x l l 
x 2 1 
x N l 
x 1 2 
x 2 2 
X N 2 
x l k 
x 2 k 
: N k J 
N 
e - i 2 = e ' e 
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M i n i m i z i n g L, t h e r e f o r e , m i n i m i z e s the sum of s q u a r e s e r r o r . 
L can be e x p r e s s e d as 
L = ( Y - X 3 ) 1 ( Y - X 3) 
L = Y ' Y - ( X 3)'Y-Y'X 3+(X 3)'X 3 
L = Y ' Y - B ' X ' Y - Y ' X 3+3'X'X 3_ 
L = Y ' Y-23_' X' Y + £ ' X' X £ . 
T h e 3 w h i c h m i n i m i z e s L is found by 
= - 2 X ' Y + 2 ( X ' X ) 3 = 0 
(X'X)3=X'Y 
3 = ( X , X ) - 1 X , Y (A.l) 
E q u a t i o n (A.l) is the least s q u a r e s e s t i m a t o r of the m o d e l 
p a r a m e t e r s 3i-w 
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A P P E N D I X B 
g ( x l f X 2 r • . . , x ^ ) w i t h d e g r e e 6 2 . 
The m e a n s q u a r e e r r o r is d e f i n e d to be the e x p e c t e d 
v a l u e of e r r o r s q u a r e d , that is 
Let f^dx be the v o l u m e of the r e g i o n of i n t e r e s t , t h e n the 
J c r i t e r i o n is d e f i n e d to be 
y ( x x , x 2 
, • • •, 
x^) w i t h d e g r e e 6^, and the true r e s p o n s e is 
w h i c h m a y b e w r i t t e n 
J =N/a 2 p E [ y - g ] 2 d x (B.l) R 
/ dx 
R 
D E V E L O P M E N T OF THE M I N I M U M MEAN S Q U A R E E R R O R C R I T E R I O N 
C o n s i d e r an a s s u m e d e x p e r i m e n t a l d e s i g n m o d e l of o r d e r 
6^ w i t h k i n d e p e n d e n t v a r i a b l e s . If the true m o d e l is of 
o r d e r 6 2 g r e a t e r than &±, then w e h a v e a p r e d i c t e d r e s p o n s e 
K = l / / d x 
R 
J = N K / a 2 / E J y - g ] 2 d x 
R L J 
J = N K / a 2 / E J y 2 - 2 y g + g 2 J d x 
J = N K / a 2 / E p 2 - 2 y g + g 2 + E | y J 2 - E J y j ^ 
J = N K / a 2 j j E ( y 2 j - E j?j 2 } + { E [ y j 2 - 2 g E jyj + g * }jdx 
J = N K / a 2 / E J j - E [ y J j 2 d x + N K / a 2 / JE^y j - c7 | 2 dx , 
J = V + B 
V = N K / a 2 / E r y - E [ ^ ] l 2 d x 
R 
B = N K / a 2 / E [ ? | - g * d x . 
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since 
Var (y) =Ejy-E [y]J 2 
Var (y)=Var 
=x' Var(g 1)x 
=a 2 x'(x'x)-Ix 
substituting into equation (B.2) 
V = N K / a 2 / o 2 x * ( x ' X ) " 1 ^ 
R 
V=NK/ X'(x'x)""1* . (B.4) 
R 
Let 6^ be one, then y is a first order response and 
may be written 
It follows that 6 2 is greater than one, and g is of higher 
order than one and can be written 
9 = x - i£ 1 + x.2£2 + e 
where the term x'3 represents those higher order terms not 
included in 
39 
y = X J L I • 
T h e b i a s of the e l e m e n t 3 ,̂ is 
E<£IJ = 4 + Y 2 • 
w h e r e A is the al i a s m a t r i x as d e f i n e d b y M y e r s (12). T h e n 
E ( y ) = E ( x ^ ) 
«x^E(5X) 
= x | ( £ i + A 32) 
E (y) - g = x | (33+A 3_2) ~ ( x j ^ + x ^ 32) 
"X^A I 2 - x 2 B 2 • 
S u b s t i t u t i n g into e q u a t i o n (B.3) 
B = N K / o 2 / ( x ' A B - x V ) 2 d x 
R _ 1 " " 2 -2- 2 " 
B = N K / a 2 / 32(A'XJ-X2) (x^A-x^)3 2dx (B. 5) 
L e t t h e r e g i o n o f i n t e r e s t R b e an u n i t h y p e r s p h e r e , that is 
k 2 
Z x <1 I=L I" 
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and let 
then equations (B.4) and (B.5) require evaluation of in­
tegrals of the form 
/ x. 6lx * 2 . . . x 6 * d x . R 1 2 fr­
it can be shown that 
/ x 6lx_ 62...x, 6 k d 
0 if any &^ is odd (B.6) 
r( 6i+i)r( 62+i) . . .r(<$k+i) 
1 2 k -£ = {• 
r< z +i) 
i=l -> 
for all 6^ even • 
Consider V as expressed in equation (B.4), 
V/K=N/ x' (xlxj'-x dx 
R - l -x-J. -1 -
k k 
- f Z Z x,x c ^ d x 
R i=*0 j=0 1 J 
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where c 1 ^ is an element of the precision matrix 
O N (X'X)"" 1. 
Then 
k k . . 
V/K= Z I c2-3/ x x.dx 
i=0 j=0 R i 3 
Now from equation (B.6) 
/ x.x.dx=0 if i¥j ~ 1 3 ~ R 
and 
k . . 2 
V/K= Z c 1 1 / x.jdx if i=j. (B.7) 
i=0 R 
Again from equation (B.6) 




« ( , ) k / 2 
k/2r(k/2) 
4 2 
/ X 2.DX=r ( 3 / 2 ) r ( 1 / 2 ) . . . r ( 1 / 2 ) 
R 1 T ( K + 2 + 1 ) 
= L / 2 ( T T ) k / 2 
(k+2)r(k+2) 
2 2 
= ( T T ) k/2 
(k+2)r(k+2) 
2 
S U B S T I T U T I N G I N T O E Q U A T I O N ( B . 7 ) 
k 
V - Z C 1 1 ( T r ) k / 2 1 = 0 (k+2)r(k+2) 
2 
( T T ) f c / 2 
k/2r(k/2) 
k . . 
V = L + ( Z C 1 1 ) ( 1 ) 
i = 0
 k+2 
k . . 
V - 1 + 1 ( Z C 1 1 ) ( B . 8 ) 
k+2 
I = 0 
T H E I N T E G R A T E D S Q U A R E D B I A S I S W R I T T E N I N E Q U A T I O N 
( B . 5 ) A S 
B = N K / A 2 f I ^ - ' - L " * ^ (*lb7^$2d-
R 




B/K=a0A'(/ x,x'dx)Aa9-2a -2a~(/ x-xldx)Aa.+a'(/ x_x'dx)a —̂ p—1—X — — * z z R "~ "~~ ^ R ~~ ^ 
• I * 1 
B—â A"(K/ x x.dx)Aa0-2a (K/ x9xndx)Aa 
~̂ R - 1"1 2 R +a2(K/x2x^dx)a2 R 





K/ ldx 0 






K/ x dx... R -2 -
Kf xf dx 
R 
from equation (B.6) 
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K/ x2. dx= 1 
R 1 k+2 
Now consider the second term of equation (B.9) and the matrix 
That is 
Kf x_xn dx R 
X . X 
1 2 
X1X3 




0 0 . 0 
. 0 
0 0 0 . .. 0 
0 0 0 • • • 0 
0 0 0 .. . 0 
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where the elements of the above matrix are evaluated accord­
ing to equation (B.6). 
Finally consider the third term of equation (B.9) and 
the matrix 
Kf x 9x^dx 
R 
that is 
* 2 2 







X 1 X 2 
X 1 X 3 





k x l 
a n d t h e m a i n d i a g o n a l e l e m e n t s i n t h e u p p e r l e f t h a n d 
c o r n e r a r e 
Kf x ± \ l x = r(k+2) . 3/2(1/2) ( i r ) k / 2 
R 2 
( i r ) k / 2 r ( k + 4 + l ) 
3 
( k + 4 ) ( k + 2 ) 
T h e o f f - d i a g o n a l e l e m e n t s o f t h e u p p e r l e f t c o r n e r a n d 
t h e d i a g o n a l e l e m e n t s o f t h e l o w e r r i g h t h a n d c o r n e r a r e 
Kf x i 2 x i 2 d x = r (k+1) . l / 4 ( i r ) k / 2 
R 2 
( T T ) * / 2 T ( k + 4 + l ) 
( k + 4 ) ( k + 2 ) 
T h e o f f - d i a g o n a l e l e m e n t s i n t h e l o w e r r i g h t h a n d c o r n e r 
a r e z e r o . N o w , s u b s t i t u t i n g t h e a b o v e m a t r i c e s i n t o 
e q u a t i o n (B.9) a n d p e r f o r m i n g t h e r e q u i r e d a l g e b r a 
47 
B= _1_ Z { Z Z a ± i Z C9 h |hijl} 2 (B.10 k+2 g=l i=l j=i Jk=l 
k k 
+ { Z Z a ± i([ij] -6i + /{k+2)) } 2 i=l j=l J 
k k k k 
+2(k+2) Z aii+(k+2) Z Z a^-2 ( z <*ii> 2 i=l i=l j=i+l J i=l 
(k+2)2(k+4) 
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A P P E N D I X C 
IR= 
J F ~ J A B F 
J I " J A B I 
T A B L E S OF DESIGN C R I T E R I A 
The d e t e r m i n a n t of the (X*X) m a t r i x , a v e r a g e squared 
b i a s , m i n i m u m m e a n square e r r o r , i m p r o v e m e n t r a t i o , and the 
v a l u e of the m i n i m i z a t i o n function for e a c h e x p e r i m e n t a l 
d e s i g n c o n s i d e r e d are t a b u l a t e d in t a b l e s four t h r o u g h 
t w e n t y . In a d d i t i o n e a c h c r i t e r i o n is c o m p u t e d for e a c h 
a d d i t i o n a l o b s e r v a t i o n added to the i n i t i a l e x p e r i m e n t a l 
d e s i g n , and e a c h c r i t e r i o n is c o m p u t e d for e a c h of three 
Bij/o* r a t i o s . T h e i m p r o v e m e n t r a t i o c o m p a r e s J for the 
i n i t i a l u n d e s i g n e d e x p e r i m e n t , say J j , to J for the final 
a u g m e n t e d d e s i g n , say J p . S i n c e J is a function of the 
n u m b e r of o b s e r v a t i o n s N , a c o r r e c t i o n factor for J j and 
Jp m u s t be a p p l i e d . The J v a l u e for a p e r f e c t l y d e s i g n e d 
a l l - b i a s e x p e r i m e n t of the same d e s i g n d i m e n s i o n s as the 
u n d e s i g n e d e x p e r i m e n t , say J ^ g j , is s u b t r a c t e d from J j , 
and in s i m i l a r fashion J for a d e s i g n e d a l l - b i a s e x p e r i m e n t 
of the same d i m e n s i o n s as the final a u g m e n t e d e x p e r i m e n t , 
say J ^ B F ' ^ s s u b t r a c t e d from J p . N o w the i m p r o v e m e n t ratio 
m a y b e e x p r e s s e d as 
49 
The step n u m b e r n o t a t i o n d e s i g n a t e s the n u m b e r of 
s e q u e n t i a l l y added o b s e r v a t i o n s . That i s , step n u m b e r 
zero r e f e r s to the i n i t i a l d e s i g n , step n u m b e r one r e f e r s 
to the i n i t i a l d e s i g n w i t h one a u g m e n t e d o b s e r v a t i o n , 
step n u m b e r two r e f e r s to the i n i t i a l d e s i g n w i t h two 
a u g m e n t e d o b s e r v a t i o n s , and so forth. The test case 
n u m b e r r e f e r s to a p a r t i c u l a r r e p l i c a t i o n of any given 
d e s i g n . 
The t a b l e s are a r r a n g e d so that the r e l a t i v e c o n ­
t r i b u t i o n , of a v e r a g e v a r i a n c e and a v e r a g e s q u a r e d b i a s 
to the m i n i m u m m e a n square e r r o r can be e a s i l y c o m p a r e d . 
For e a c h of the 3ij/o r a t i o s c o n s i d e r e d in this i n v e s t i g a ­
t i o n , it is e a s i l y seen that b i a s d o m i n a t e s m i n i m u m square 
e r r o r in e v e r y test case and d e s i g n a r r a n g e m e n t c o n s i d e r e d . 
Table 3. Experimental Design Data for N=4, k=2, M=4, $ij/o=5 
TEST CASt 1 2 3 1 * 5 6 7 8 9 10 
STEP NO. DETERMINANT OF THE (X X) MATRIX 0 .103 .300 .921 .637 1.495 4.474 P.073 2.362 1.624 .833 1 i».002 8.181 6.39L 7.22"* 7.820 7.107 9.265 12.427 7.999 7.272 2 7.346 l.<431 21.258 l«.H<4l 11.543 8.989 12.126 16.781 12.086 16.539 J 11.260 18.231 6B.050 25.280 21.681 14.643 16-295 19.755 20.701 40,747 4 15.042 26.264 92.689 37.791 31.149 23.174 24.039 24.468 28.890 49.510 
STEP NO. AVERAGE VARIANCE 0 .19.906 23.867 5.385 5.718 4.582 2.929 4.085 4.724 4.437 5.738 1 3.807 3.076 3.647 3.601 3.196 3.183 9.864 2.611 3.095 3.599 2 3.733 3.291 2.703 3.252 3.430 3.539 3.152 2.808 3.265 3.172 i 3.854 3.201 2.22b 3.C29 3.061 3.445 3.320 3.099 3.075 2.498 4 4.086 3.212 2.245 2.939 3.061 3.359 3.308 3.295 3.119 2.653 
STEP NO. AVERA3E SQUARED BIAS 0 639.114 4018.904 484.395 998.190 269.432 16.338 91.839 265.778 191.725 1037.730 1 46.148 20.278 22.703 32.492 34.106 20.771 19.512 21.857 32.935 33.216 2 22.458 24.377 80.250 32.809 27.524 24.593 22.760 22.436 25.720 66.B81 3 *9.471 23.447 78.097 30.498 32.500 25.063 28.224 25.741 31.293 40.413 4 28.2B3 27.892 72.347 29.776 29.358 30.753 27.248 30.516 29.629 36.176 
STEP NO. MINIMUM *EAN SQUARE EROR U 679.019 4042.772 489.780 1003.908 274.014 19.267 95.925 270.502 196.162 1043.468 1 49.955 23.354 26.350 36.C93 37.301 23.953 22.37ft 24.468 36.030 36.815 2 26.191 27.668 82.953 36.060 30.954 28.132 25.912 25.244 2B.965 70.053 3 33.325 26.648 80.323 33.527 35.561 28.50B 31.543 28.840 34.367 42.911 4 32.369 31.104 74.591 32.715 32.418 34.112 30.556 33.810 32.747 38.829 
STEP NO. IMPROVEMENT RATIO 1 .069 .005 .047 .132 .124 1.289 .203 .078 .166 .032 2 .033 .006 .163 .032 .101 1.546 .240 .080 .131 .064 3 .044 .006 .157 .U30 .117 1.562 .299 -093 .15B .038 4 .042 .007 .145 ,ij29 .105 1.910 .287 .112 .149 .033 
STEP NO. MINIMIZATION FUNCTION 0 1.075 2.B74 5.67b 7.921 4.405 1.072 ?.24? 3.049 3.566 8.064 1 .595 1.145 2.668 4.097 1.944 .798 .553 1.085 1.430 4.191 2 .623 .945 21.175 3.C05 1.458 .926 .405 .658 1.014 7.568 3 .752 .868 53.563 1.908 .7S9 1.012 .511 .588 .517 2.206 4 1.116 .609 13.304 1.240 .463 .827 .454 .739 .336 1.390 
T a b l e 4. E x p e r i m e n t a l D e s i g n D a t a for N=5, k-2, M=5, &i>/o=5 
t e s t case; 1 2 3 4 5 6 7 8 9 10 
STEP NO. DETERMINANT OF THE <X X) MATRIX 
0 7.577 6.023 4.3B1 4.957 7.647 8.367 6. 73S 6.037 5.776 6.809 
1 15.<»91 17.281 10.393 21.b65 15.862 1<».156 12. 096 17.054 13.426 10.534 
23.<U0 21.293 27.369 28.497 23.823 17.B8<» 16. 523 20.137 15.934 16.926 
3 30.154 25.624 42.165 34.nl5 30.560 22.268 24.165 28.915 24.555 23.381 
4 3B.969 35.890 56.84-J 45.C11 39.506 30.220 32.399 ••0.205 33.552 31.242 
b 49.582 50.153 72.223 64.696 50.363 41.496 45. 505 49.558 43.441 43.<»54 
STEP NO. AVERAGE VARIANCE 
u 3.168 3.328 4.411 3.655 3.158 2.948 3. 25R 3 . 8 6 6 3.378 3.259 
1 2.946 2.81b 4.186 2.660 2.924 2.965 3. 144 2.B57 3.049 3.345 
<; 2.947 3.074 3.010 2.B61 2.932 3.195 3. 290 3.153 3.367 3.264 
3 3.086 3.304 2.890 3.1; 95 3.075 3.399 1. 309 3.138 3.287 3.340 
4 3.171 3.275 2.889 3.134 3.158 3.461 3. 389 3.135 3.333 3.422 
5 3.246 3.233 2.933 3.015 3.229 3.<»84 3.344 3.247 3.101 3.413 
STEP MO. AVERAGE SQUARED BIAS 
0 67.410 108.353 35.302 343.738 71,634 19.265 17. 851 40.871 37.185 17.195 
1 24.831 22.693 58. 518 35.i!40 25.322 20.565 21. 440 20.597 18.984 22.293 
2 .-7.B72 23.426 27.674 33.076 28.153 23.922 25. 711 22.177 22.783 24.210 
3 28.119 25.72B 26.712 31.475 28.370 28.728 27. 125 25.198 26.577 27.576 
32.267 29.225 31.028 31.544 32.435 30.4B7 29. 759 28.432 29.291 30.994 
5 34.057 32.612 32.463 33.603 34.060 33.697 34. 808 31.888 33.547 32.291 
STEP NO. VINIMUM MEAN SQUARE ERROR 
u 70.578 111.681 39.713 347.393 74.792 22.212 21 109 44.738 40.563 20.455 
1 27.777 25.508 62.703 37.900 28.247 23.530 24 584 23.454 22.034 25.638 
2 30.B19 26,500 30.684 35.936 31.085 27.117 29 001 25.329 26.150 27.474 
3 31.205 29.032 29.602 34.571 31.445 32.127 30 434 28.337 29.863 30.916 
4 35.438 32.500 33.918 35.593 33.948 33 .148 31.567 32.623 34.416 
b 37.303 35.846 35.39b 36.618 37.290 37.181 39 153 35.135 36.947 35.704 
STEP NO. IMPROVEMENT RATIO 
1 .359 .201 1.634 .099 .344 1.064 1 .192 .479 .495 1.301 
2 .402 .209 .743 .(•93 .382 1.250 1 <»37 .522 .603 l.<»02 
3 .406 .232 .70* .0B9 .386 1.513 1 .512 .592 .700 1.599 
it .468 .263 • B2 3 . 1 8 9 .442 1.605 1 .660 .667 .772 1.800 
D .494 .292 .863 .094 .464 1.772 1 939 .751 .885 1.869 
STEP NO. MINIMIZATION FUNCTION 
0 2.235 2.96b 8.385 7. 122 2.378 .693 1 01? 2.231 1.719 .854 
1 1.109 .699 6.017 2.940 1.169 .207 655 .794 .584 .772 
2 .579 .425 4.501 1.994 .622 .209 656 .642 .671 .559 
3 .431 .469 3.361 1 .'»98 .456 .403 774 .510 .637 .702 
.353 .440 2.684 1 .248 .363 .594 749 .201 .487 .768 
.437 .347 2.083 .b94 .425 .713 704 ,35« .756 .911 
Ln 
Table 5. Experimental Design Data for N=8, k = 2 , M=5, 3ij/a=5 
TEST CASE 1 2 3 4 5 6 7 8 9 10 
STEP MO. DETERMINANT OF THE (X X) HATRIX 
0 2 7 . 0 2 2 3 9 . 5 8 f a 4 6 . 2 4 3 3 6 . 3 7 9 3 1 . 2 4 9 3 5 . 0 B 4 3 1 . 4 3 0 1 2 . 7 3 3 2 5 . 3 7 0 1 8 . 9 4 0 
1 3 7 . 7 8 9 7 1 . 7 4 2 6 4 . 2 8 8 5 5 . 6 6 4 4 4 . 0 5 1 6 0 . 8 3 0 4 4 . 4 8 2 4 2 . 7 6 1 5 1 . 2 1 8 3 2 . 3 7 3 
2 4 7 . 7 2 2 8 2 . 0 6 5 7 3 . 1 8 1 8 1 . 1 2 2 5 3 . 1 1 3 7 0 . 8 2 9 5 4 . 5 4 4 6 0 . 3 8 3 6 3 . 8 8 6 4 6 . 4 7 2 
i 6 5 . 0 7 4 9 1 . 5 5 1 8 0 . 5 0 B 1 0 3 . 4 7 7 6 8 . 7 2 0 7 8 . 2 7 1 7 2 . 2 0 3 8 4 . 9 6 6 8 3 . 1 2 6 6 0 . 7 2 1 
4 8 9 . 8 4 9 1 0 5 . 8 9 6 9 7 . 5 4 3 1 1 4 . f c l 4 9 0 . 1 0 1 9 0 . 8 5 0 8 9 . 7 9 3 1 1 0 . 5 5 8 1 0 4 . 8 9 4 8 5 . 4 1 6 
5 1 1 5 . 3 7 4 1 3 4 . 8 3 7 1 2 1 . 8 8 6 1 2 4 . 4 4 7 1 0 7 . 9 3 7 1 0 8 . 7 7 4 1 0 7 . 0 0 7 1 3 3 . 8 6 3 1 2 5 . 7 3 7 1 0 4 . 9 8 1 
STEP NO. AVERAGE VARIANCE 
0 3 . 1 8 0 - 2 . 8 6 1 2 . 7 4 J 2 . 8 8 6 3 . 0 3 5 2 . 9 5 1 3 . 0 2 9 4 . 3 1 4 3 . 2 6 2 3 . 7 2 5 
1 3 . 1 9 9 2 . 6 3 1 2 . 7 2 2 2 . 8 5 3 3 . 0 6 7 2 . 7 3 6 3 . 0 6 9 3 . 1 5 3 2 . 9 2 1 3 . 3 9 7 
2 3 . 2 9 0 2 . 7 9 1 2 . 8 8 6 2 . 7 8 4 3 . 1 9 1 2 . 8 8 3 3 . 1 6 9 3 . 1 3 0 3 . 0 2 9 3 . 3 5 2 
3 3 . 2 7 0 2 . 9 5 8 3 . 0 7 4 2 . 6 0 5 3 . 2 0 5 3 . 0 6 7 3 . 1 5 2 3 . 0 3 2 3 . 0 2 7 3 . 3 5 9 
4 3 . 1 9 5 3 . 0 6 3 3 . 1 2 9 2 . 9 5 1 3 . 1 9 1 3 . 1 8 2 3 . 1 9 3 3 . 0 0 2 3 . 0 4 0 3 . 2 4 9 
5 3 . 1 8 4 3 . 0 3 5 3 . 1 3 0 3 . 1 1 3 3 . 2 6 3 3 . 2 4 7 3 . 2 6 8 3 . 0 3 9 3 . 0 9 3 3 . 2 9 2 
STEP NO. AVERAGE SQUARED BIAS 
0 3 7 . 5 6 8 4 5 . 5 5 3 3 9 . 4 8 8 2 8 . 5 9 1 3 1 . 7 7 7 4 6 . 5 9 3 3 5 . 4 2 9 2 0 9 . 7 9 8 5 3 . 8 0 8 3 2 . 6 2 8 
1 4 5 . 6 1 4 3 6 . 4 4 7 3 6 . 4 3 1 3 4 . 1 9 5 3 2 . 3 8 5 4 2 . 6 7 1 3 3 . 8 9 9 3 1 . 9 6 5 3 0 . 2 7 7 3 3 * 8 1 5 
2 5 1 . 8 8 9 3 5 . 9 2 3 3 6 . 1 9 9 3 6 . 9 9 1 3 6 . 1 7 9 4 5 . 0 1 9 3 6 . 7 2 9 3 3 . 7 B 1 3 2 . 0 6 7 3 3 . 1 9 6 
3 5 8 . 9 8 3 3 6 . 9 4 9 3 7 . 5 8 1 3 9 . 3 3 4 4 1 . 5 6 8 4 9 . 4 2 1 4 2 . 5 0 9 4 1 . 5 9 0 3 4 . 9 3 3 3 7 . 9 1 3 
4 4 1 . 4 9 5 3 8 . 7 9 3 3 9 . 3 4 0 4 0 . 8 8 5 3 9 . 6 4 2 5 0 . 1 9 0 4 2 . 9 7 0 4 2 . 7 2 8 3 7 . 5 9 8 3 9 . 1 0 5 
5 4 6 . 8 2 8 4 3 . 5 7 8 4 3 . 0 1 0 4 3 . 6 0 8 4 3 . 8 5 2 5 5 . 5 5 5 4 8 . 1 7 4 4 7 . 3 3 5 4 0 . 7 1 0 4 2 . 2 9 9 
STEP NO. MINIMUM MEAN SQUARE ERROR 
0 4 0 . 7 4 8 4 8 . 4 1 4 4 2 . 2 3 2 3 1 . 2 7 7 3 4 . 8 1 3 4 9 . 5 4 4 3 8 . 4 5 9 2 1 4 . 1 1 2 5 7 . 0 7 0 3 6 . 3 5 3 
1 4 8 . 8 1 3 3 9 . 0 7 8 3 9 . 1 5 3 3 7 . 0 4 8 3 5 . 4 5 2 4 5 . 4 0 7 3 6 . 9 6 8 3 5 . 1 1 8 3 3 . 1 9 8 3 7 . 2 1 2 
2 5 5 . 1 7 9 3 8 . 7 1 4 3 9 . 0 8 5 3 9 . 7 7 5 3 9 . 3 7 0 4 7 . 9 0 2 3 9 . 8 9 A 3 6 . 9 1 1 3 5 . 0 9 6 3 6 . 5 4 8 
3 6 2 . 2 5 3 3 9 . 9 0 8 4 0 . 6 5 5 4 2 . 1 4 0 4 4 . 7 7 3 5 2 . 4 8 7 4 5 . 6 6 2 4 4 . 6 2 2 3 7 . 9 6 0 4 1 . 2 7 2 
4 4 4 . 6 9 0 4 1 . 8 5 7 4 2 . 4 6 9 4 3 . 6 3 6 4 2 . 8 3 3 5 3 . 3 7 3 4 6 . 1 6 4 4 5 . 7 3 0 4 0 . 6 3 9 4 2 . 3 5 4 
5 5 0 . 0 1 3 4 6 . 6 1 3 4 6 . 1 4 0 4 6 . 7 2 2 4 7 . 1 1 6 5 8 . 8 0 3 5 1 . 4 4 1 5 0 . 3 7 4 4 3 . 8 0 3 4 5 . 5 9 1 
STEP NO. IMPROVEMENT RATIO 
1 1 . 2 1 6 . 7 8 7 . 9 1 6 1 . 2 0 7 1 .01:7 . 9 0 6 . 9 5 3 . 1 4 8 . 5 4 8 1 . 0 2 3 
2 1 . 3 8 6 . 7 7 6 . 9 1 1 1 . 3 0 2 1 . 1 4 0 . 9 5 8 1 . 0 3 5 . 1 5 5 . 5 8 1 . 9 9 8 
3 1 . 5 7 5 . 8 0 0 . 9 4 9 1 . 3 8 5 1 . 3 1 1 1 . 0 5 6 1 . 1 9 8 . 1 9 2 . 6 3 3 1 . 1 4 0 
4 1 . 0 9 4 . 8 4 1 . 9 9 3 1 . 4 4 2 1 . 2 4 4 1 . 0 7 3 1 . 2 0 9 . 1 9 6 . 6 8 1 1 . 1 7 0 
5 1 . 2 3 5 . 9 4 5 1 . 0 8 6 1 . 5 4 3 1 . 3 7 9 1 U 9 0 1 . 3 5 9 . 2 1 8 . 7 3 8 1 . 2 6 6 
STEP NO. MINIMIZATION FUNCTION 
U 1 . 7 7 7 5 . 4 3 9 1 . 8 8 6 4 . 7 4 7 1 . 0 2 6 3 . 2 7 7 1 . 3 1 6 8 . 7 4 1 4 . 7 8 9 1 . 7 0 8 
1 1 . 6 4 7 2 . 6 2 3 1 . 0 6 9 3 . 3 8 9 . 5 8 9 1 . 4 8 7 .750 3 . 4 9 9 1 . 5 9 8 1 . 1 1 2 
2 1 . 8 5 1 1 . 9 1 0 , 6 5 b 2 . 2 1 6 . 6 0 7 1 . 1 2 9 .750 2 . 4 1 1 1 . 0 1 3 . 9 8 2 
J 1 . 6 9 7 1 . 5 0 9 . 5 2 0 1 . b 4 9 . 5 9 5 1 . 0 7 4 . 5 4 0 1 . 4 7 4 . 5 9 1 1 . 0 0 6 
4 1 . 1 6 5 1 . 3 5 1 . 5 7 7 1 . 2 9 2 . 5 4 5 1 . 2 3 3 . 5 3 5 . 9 9 8 . 2 5 8 . 6 3 2 
b . 9 4 1 . 9 2 8 . 3 4 3 1 . 3 0 4 . 6 0 9 1 . 2 7 2 . 6 7 9 . 6 5 3 . 1 5 3 . 6 7 5 
T a b l e 6. E x p e r i m e n t a l D e s i g n D a t a for N=6, k=3, M=4, $ i :j/a=5 
T E S T C A S E 1 2 3 4 5 6 7 8 9 1 0 
S T E P N O . D E T E R M I N A N T OF T H E ( X X ) M A T R I X 
0 . 4 4 3 . U 2 1 . 5 1 3 1 . 5 4 5 . 0 5 2 . 3 6 5 . 0 9 7 . 0 3 8 . 0 6 9 1 . 7 3 3 
1 1 1 . 2 1 9 3 . 2 2 2 3 . 8 9 3 7 . 3 2 9 . 8 1 6 3 . 4 5 9 . 7 1 0 . 1 5 9 . 8 9 2 3 1 . 7 2 9 
2 1 8 . 2 7 7 1 1 . 7 1 0 2 5 . 5 4 5 1 0 . 3 0 5 5 . 8 0 8 6 . 4 4 5 1 3 . 7 9 5 6 . 5 1 0 4 . 5 7 0 4 7 . 6 9 9 
3 3 2 . 7 9 9 2 6 . 0 5 9 5 0 . 6 6 4 2 2 . 4 9 2 1 9 . 5 9 4 1 0 . 9 6 1 3 5 . 2 5 8 1 5 . 1 7 4 1 9 . 1 3 8 6 7 . 1 4 7 
4 4 7 . 5 3 1 4 0 . 3 5 8 7 0 . 2 7 8 4 8 . 0 1 2 4 0 . 5 4 4 2 9 . 7 5 7 5 1 . 7 1 5 3 1 . 3 8 7 4 2 . 5 8 6 9 2 . 1 7 0 
S T E P N O . A V E R A G E V A R I A N C E 
0 2 4 . 6 5 0 1 1 . 9 3 0 3 0 . 8 7 4 7 . 9 7 0 3 5 . 2 1 5 1 5 . 3 6 4 8 3 . 3 0 5 6 9 . 4 8 2 3 2 . 6 2 9 1 1 . 1 9 5 
1 4 . 9 9 1 8 . 9 6 7 1 1 . 9 4 9 6 . 7 4 3 1 8 . 8 1 1 7 . 0 0 8 3 7 . 8 7 9 7 4 . 1 4 4 1 7 . 5 3 3 3 . 6 9 0 
2 4 . 9 0 9 5 . 6 7 0 4 . 6 1 2 7 . 3 7 4 8 . 2 7 1 6 . 9 6 4 5 . 5 9 0 7 . 2 2 7 1 0 . 0 5 1 3 . 8 5 4 
3 4 . 5 7 5 4 . 9 6 8 4 . 1 1 4 6 . L 6 1 5 . 7 4 7 7 . 1 6 1 4 . 5 6 7 6 . 5 4 9 5 . 9 7 5 3 . 9 8 5 
4 4 . 6 1 4 4 . 8 5 8 4 . 1 7 7 4 . 9 6 2 4 . 9 6 1 5 . 2 7 2 4 . 6 1 7 5 . 5 2 9 4 . 9 3 0 4 . 0 6 2 
S T E P N O . A V E R A G E S Q U A R E D B I A S 
0 3 1 0 7 . 0 3 5 4 5 8 . 2 8 2 8 8 . 7 2 9 1 4 5 . 6 8 0 4 4 8 . 3 5 1 1 9 2 . 7 5 5 4 1 2 . 1 0 9 1 5 9 . 1 8 1 3 4 4 . 9 7 6 7 6 6 2 . 4 9 7 
1 5 7 . 6 4 9 7 1 . 6 5 1 4 9 1 . 4 9 6 3 3 . 7 4 0 6 1 . 3 8 9 5 4 . 2 3 2 1 9 4 8 . 2 4 2 9 1 9 . 1 7 9 8 5 . 8 3 3 5 4 . 2 7 9 
2 6 6 . 4 9 2 6 5 . 8 1 8 5 0 : 3 3 5 4 0 . 4 9 3 1 0 8 . 4 9 4 5 4 . 6 7 8 5 8 . 9 8 4 6 5 . 3 3 2 1 3 8 . 6 6 4 4 8 . 4 0 9 
3 7 6 . 5 3 2 7 6 . 9 4 1 6 6 . 3 8 2 5 1 . 0 2 5 7 4 . 9 5 9 37.889 60.539 5 3 . 1 1 8 92.888 49.718 
4 S 3 . 9 3 5 5 2 . 2 4 9 6 4 . 9 9 2 5 6 . 3 9 6 5 0 . 1 8 1 4 6 . 8 4 0 6 3 . 8 2 7 5 1 . 0 6 1 5 2 . 9 0 9 4 8 . 4 5 1 
S T E P N O . M I N I M U M MEAN S Q U A R E E R R O R 
0 3 1 3 1 . 6 8 6 4 7 0 . 2 1 2 1 1 9 . 6 0 3 1 5 3 . 6 4 9 4 8 3 . 5 6 6 2 0 8 . 1 1 9 4 9 5 . 4 1 4 228.662 3 7 7 . 6 8 5 7 6 7 3 . 6 9 * 
1 6 2 . 6 4 0 8 0 . 6 1 8 5 0 3 . 4 4 5 4 0 . 4 8 3 8 0 . 2 0 0 6 1 . 2 4 1 1 9 8 6 . 1 2 2 9 9 3 . 3 2 3 1 0 3 . 3 6 5 5 7 . 9 6 8 
2 7 1 . 4 0 1 7 1 . 4 8 8 5 4 . 9 4 7 4 7 . 8 6 7 1 1 6 . 7 6 5 6 1 . 6 4 2 6 4 . 5 7 5 7 2 . 5 5 9 1 4 8 . 7 1 5 5 2 . 2 6 4 
3 8 1 . 1 0 7 8 1 . 9 0 9 7 0 . 4 9 6 5 7 . T B 6 8 0 . 7 0 6 4 5 . 0 5 0 6 5 . 1 0 6 5 9 . 6 6 7 9 8 . 8 6 3 5 3 . 7 0 3 
t» 6 8 . 5 4 9 5 7 . 1 0 6 6 9 . 1 6 9 6 1 . 3 5 8 5 5 . 1 4 2 5 2 . 1 1 3 6 8 . 4 4 4 5 6 . 5 9 0 5 7 . 8 3 9 5 2 . 5 1 3 
S T E P N O . I M P R O V E M E N T R A T I O 
1 . 0 1 8 . 1 6 2 4 . 3 4 6 . 2 3 8 . 1 5 7 . 2 7 6 4 . 0 3 9 4 . 4 1 7 . 2 6 4 . 0 0 7 
2 . 0 2 1 . 1 4 2 . 4 3 4 . 2 8 7 . 2 3 3 . 2 7 8 . 1 2 1 . 3 0 1 . 3 8 5 . 0 0 6 
3 . 0 2 4 . 1 6 4 . 5 6 8 . 3 4 8 . 1 5 7 . 1 9 5 . 1 2 2 . 2 4 3 . 2 5 1 . 0 0 6 
4 . 0 2 7 . 1 1 1 . 5 5 5 . 3 7 5 . 1 0 4 . 2 2 9 . 1 2 8 . 2 2 8 . 1 4 0 . 0 8 6 
S T E P N O . M I N I M I Z A T I O N F U N C T I O N 
0 3 . 7 1 8 5 . 2 4 2 6 . 3 3 0 9 . [ . . 6 9 5 . 0 2 8 2 . 6 0 1 5 . 3 3 0 5 . 8 1 0 -, 5 . 3 2 7 1 3 . 0 1 0 
1 1 . 9 9 5 2 . 8 0 1 4 . 8 0 6 4 . 5 5 5 3 . 5 0 8 1 . 8 0 8 3 . 4 6 4 3 . 0 5 0 3 . 6 7 5 7 . 7 0 5 
2 1 . 9 8 0 2 . 6 6 5 3 . 7 9 5 3 . 8 8 6 3 . 2 3 1 2 . 2 6 2 2 . 9 6 6 2 . 6 4 3 3 . 4 8 7 6 . 0 6 7 
j 1 . 7 4 6 1 . 8 7 0 3 . 0 5 2 3 . 3 1 8 2 . 7 0 2 2 . 2 1 2 1 . 9 3 " ? 1 . 8 4 5 2 . 8 8 3 5 . 1 0 0 
4 1 . 8 2 7 1 . 8 3 U 2 . 8 0 2 2 . 7 1 7 2 . 2 1 1 2 . 1 0 0 1 . 7 8 2 2 . 0 1 1 2 . 3 3 5 4 . 1 5 8 
u* 
T A B L E 7 . E X P E R I M E N T A L D E S I G N D A T A F O R N = 8 , K = 3 , M = 5 , 3 ^ / ( 7 = 5 
' N O . D E T E R M I N A N T O F T H E <X X ) M A T R I X 
Q 4 . 4 7 4 9 . 4 3 1 8 . 9 3 b I B . 1 6 9 1 B . B B 5 7 . 6 0 5 1 7 . 0 2 1 4 . 9 7 7 2 . B 9 5 1 . 3 3 0 
1 2 3 . 2 1 6 4 4 . 2 0 5 2 9 . 4 1 4 6 8 . 0 7 7 7 6 . 7 3 5 4 1 . 5 5 1 7 4 . 2 7 3 1 9 . 3 5 8 1 3 . 4 9 3 7 . 3 3 6 
2 5 3 . 3 9 6 7 2 . 3 2 5 6 0 . 6 5 5 9 5 . 7 6 6 1 1 0 . 6 1 9 5 6 . 5 1 8 1 0 8 . 0 6 8 4 7 . 3 6 8 4 2 . 5 3 2 1 8 . 9 4 2 
3 8 6 . 7 3 1 1 0 8 . 9 3 6 1 4 6 . 7 7 8 1 3 0 . 8 0 7 1 4 6 . 6 4 1 9 6 . 2 3 7 1 4 4 . 5 6 8 8 2 . 4 1 8 7 7 . 7 7 7 3 6 . 2 7 3 
4 1 1 2 . 5 3 0 1 3 8 . 9 6 8 1 7 8 . 6 2 7 1 6 3 . 1 9 2 1 8 0 . 6 4 6 1 4 8 . 6 3 0 1 7 8 . 2 1 5 1 0 5 . 8 4 6 1 0 2 . 4 1 4 7 4 . 2 1 7 
3 1 4 6 . 5 5 2 1 8 0 . 4 9 0 2 3 2 . 4 3 1 1 9 2 . 3 1 2 2 0 8 . 1 9 9 1 8 6 . 1 4 4 2 0 4 . 4 5 8 1 3 8 . 0 5 5 1 5 8 . 1 4 8 1 0 0 . I S O 
S T E P N O . A V E R A G E V A R I A N C E 
0 8 . 6 4 4 6 . 6 3 6 6 . 4 2 1 5 . 1 8 0 5 . 2 2 6 7 . 3 6 4 5 3 7 6 7 . 7 9 7 9 . 0 1 0 1 3 . 4 5 8 
1 5 . 5 5 5 4 . 4 3 4 5 . 5 7 0 3 . 8 5 1 3 . 7 6 2 4 . 6 4 7 3 8 0 0 5 . 9 9 2 7 . 5 0 7 7 . 2 2 9 
2 4 . 5 7 8 4 . 2 6 6 4 . 7 4 0 3 . 8 9 9 3 . 7 7 6 4 . 7 6 1 3 6 1 3 4 . 6 9 2 5 . 2 3 6 6 . 3 5 8 
3 4 . 3 6 9 4 . 1 7 4 3 . 8 4 4 3 . 9 3 6 3 . 8 4 8 4 . 2 8 7 3 8 8 1 4 . 3 9 8 4 . 8 2 2 5 . 5 5 7 
4 4 . 4 6 6 4 , 2 6 4 4 . 0 0 3 4 . 0 3 8 3 . 9 5 7 4 . 1 2 7 3 9 9 4 4 . 5 1 7 4 . 9 2 2 4 . 9 6 4 
5 4 . 4 9 7 4 , 3 1 4 4 . 0 4 7 4 . 1 9 2 4 . 1 2 7 4 . 2 1 7 4 1 7 3 4 . 5 5 7 4 . 6 3 6 5 . 0 2 8 
S T E P N O . A V E R A G E S Q U A R E D B I A S 
0 1 9 5 . 9 4 0 1 7 0 . 0 2 6 1 7 2 . 3 7 0 1 7 1 . 9 5 0 2 7 0 . 1 7 1 6 7 2 . 5 6 7 3 5 9 . 1 2 8 3 3 4 . 3 7 7 1 8 1 . 3 1 2 6 5 . 1 6 7 
1 6 0 . 5 8 5 5 3 . 6 6 3 8 2 . 9 7 2 4 2 . 8 3 7 5 1 . 2 0 6 4 5 . 3 2 3 4 7 . 3 3 0 1 2 9 . 4 9 0 69 . 373 88*353 
2 5 1 . 4 5 7 4 4 . 0 5 8 1 3 2 . 6 5 1 4 5 . 1 7 7 5 2 . 4 6 6 4 3 . 1 9 5 4 7 . 6 4 9 1 1 7 . 1 0 6 4 6 . 7 0 3 7 0 . 5 4 3 
3 4 4 . 7 1 5 4 9 . 9 9 4 5 5 . 4 3 5 4 5 . 3 3 2 5 2 . 0 6 4 4 8 . 4 4 2 4 7 . 7 5 4 5 6 . 2 0 5 5 2 . 9 0 7 100.652 
4 5 1 . 6 8 6 5 0 . 9 6 7 6 0 . 4 0 2 4 9 . 2 6 8 5 5 . 2 1 0 4 7 . 7 2 6 5 0 . 1 1 5 6 3 . 6 3 3 6 0 . 2 0 1 6 0 . 1 4 2 
5 5 5 . 6 2 7 5 8 . 5 3 4 5 7 . 2 9 9 5 2 . 6 9 0 5 8 . 6 9 1 52 . 247 5 3 . 4 7 5 7 0 . 7 8 1 58 . 546 53 . 317 
S T E P N O . M I N I M U M MEAN S Q U A R E E R R O R 
0 2 0 4 . 5 8 4 1 7 6 . 6 6 4 1 7 8 . 7 9 2 1 7 7 . 1 3 0 2 7 5 . 3 9 7 6 7 9 . 9 5 1 3 6 4 . 5 0 4 3 4 2 . 1 7 5 1 9 0 . 3 2 2 7 8 . 6 2 5 
1 6 6 . 1 4 0 5 8 . 2 9 7 6 8 . 5 4 2 4 6 . 6 6 6 5 4 . 9 6 8 4 9 . 9 7 0 5 1 . 1 3 0 1 3 5 . 4 8 1 7 6 . 6 8 0 87 .582 
2 5 6 . 0 3 5 4 8 . 3 4 4 1 3 7 . 3 9 1 4 9 . 0 7 5 5 6 . 2 4 2 4 7 . 9 5 5 5 1 . 4 6 3 1 2 1 . 7 9 8 5 1 . 9 3 9 7 6 . 9 0 1 
3 4 9 . 0 8 4 5 4 . 1 6 9 5 9 . 2 7 9 4 9 . 2 6 8 5 5 . 9 3 1 5 2 . 7 2 9 5 1 . 6 3 5 6 0 . 6 0 3 5 7 . 7 2 9 1 0 6 . 2 0 9 
4 5 6 . 1 5 4 5 5 . 2 3 0 6 4 . 4 0 5 5 3 . 3 0 7 5 9 . 1 6 7 5 1 . 6 5 3 5 4 . 1 0 9 6 8 . 1 5 0 6 5 . 1 2 3 6 5 . 1 0 6 
5 6 0 . 1 2 3 6 2 . 8 4 7 6 1 . 3 4 5 5 6 . 8 8 2 6 2 . 6 1 9 5 6 . 4 6 3 5 7 . 6 4 8 7 5 . 3 3 8 6 3 . 1 8 2 5 8 . 3 4 5 
' N O . I M P R O V E M E N T R A T I O 
1 . 3 0 5 . 3 0 9 . 4 7 9 . 2 4 0 . 1 8 4 . 0 6 6 . 1 2 7 . 3 8 6 . 3 8 6 1 . 1 2 0 
2 . 2 5 3 . 2 5 0 . 7 6 0 . 2 5 3 . 1 3 8 . 0 6 3 . 1 2 8 . 3 4 5 . 2 5 1 . 9 7 2 
3 . 2 1 6 . 2 6 3 . 3 0 9 . 2 5 3 . 1 8 6 . 0 7 0 . 1 2 8 . 1 6 3 . 2 8 1 1 . 3 7 0 
* . 2 5 2 . 2 8 8 . 3 3 7 . 2 7 6 . 1 9 7 . 0 6 8 . 1 3 4 . 1 8 5 . 3 2 0 . 8 0 7 
5 . 2 7 1 . 3 3 2 . 3 1 9 . 2 9 6 . 2 1 0 . 0 7 5 . 1 4 4 . 2 0 6 . 3 0 9 . 7 1 3 
M I N I M I Z A T I O N F U N C T I O N 
6 . 7 9 4 8 . 6 8 9 1 1 . 8 2 1 6 . 5 4 4 8 . 1 5 8 6 . 7 0 9 9 . 0 0 3 5 . 2 3 3 1 2 . 4 8 1 3 . 3 1 4 
4 . 2 3 8 4 . 9 8 9 7 . 7 7 8 2 . 9 4 6 4 . 0 3 9 3 . 4 3 8 4 . 4 2 5 2 . 9 7 1 7 . 1 4 9 3 . 4 8 4 
3 . 2 7 2 3 . 9 2 5 9 . 4 7 7 2 . 1 7 3 3 . 0 3 1 3 . 2 0 0 3 . 3 5 9 2 . 5 8 8 5 . 7 1 7 2 . 5 8 4 
2 . 5 4 7 3 . 0 9 5 5 . 1 3 7 1 . 6 7 6 2 . 3 7 8 2 . 7 7 6 P.608 1 . 6 4 9 i » . 2 7 1 3 . 0 3 8 
2 . 5 8 8 2 . 9 7 3 4 . 6 2 7 1 . J 6 9 1 . 9 7 9 2 . 2 5 2 2 . 1 9 6 1 . 7 8 2 4 . 0 2 0 2 . 0 2 2 
2 . 7 8 3 2 . 8 0 6 3 . 8 0 4 1 . 3 7 3 1 . 9 0 9 2 . 1 9 2 2 . 1 0 S 1 . 9 7 6 3 . 8 8 9 2 . 2 5 3 
Table 8. Experimental Design Data for N=10, k=3, M=7, 3^/(7=5 
TEST CASE 1 2 3 4 5 6 7 8 9 1 0 
STEP HO. DETERMINANT OF THE (X X) MATRIX 
u 8 . 8 2 * 1 1 . 0 6 2 . 7 6 3 3 . 7 7 4 6 . 7 8 1 1 0 . 8 7 2 2 2 . 9 9 7 6 . . 6 7 9 8 . 3 1 0 1 1 . 4 7 7 1 2 6 . 6 9 8 5 . 2 6 9 2 9 . 1 2 5 3 0 . 2 3 0 4 0 . 4 5 2 6 7 . 8 2 2 3 5 . , 4 6 9 2 1 . 7 3 1 4 1 . 2 8 * 
2 9 6 . 8 2 2 6 4 . 4 6 8 1 0 5 . 6 9 7 5 5 . 8 9 * 7 2 . 9 7 2 6 8 . 2 8 5 1 0 8 . 5 9 * 8 1 . 1 6 5 44.425 1 0 1 . 8 6 * 3 1 9 3 . 7 9 7 1 2 8 . 7 3 * 2 5 8 . 1 5 2 1 2 8 . 4 9 2 1 2 7 . 4 9 5 1 1 5 . 4 7 9 1 4 8 . 8 9 0 1 2 9 . . 3 * * 95.696 1 6 8 . 8 5 1 4 2 5 7 . 4 3 0 3 0 4 . 5 4 0 5 4 0 . 6 0 3 1 6 0 . 5 8 3 1 6 2 . 6 7 2 2 1 3 . 0 1 7 2 2 3 . 9 5 0 1 6 0 . .865 2 1 . 8 7  2 1 2 . 6 3 5 5 3 0 1 . 3 5 2 3 7 8 . 1 3 2 9 6 0 . 2 2 9 2 2 4 . 9 0 3 2 2 7 . 6 9 9 3 2 2 . 5 1 3 3 3 1 . 9 6 2 2 4 1 . . 5 3 3 2 M . 3 3 1 3 0 3 . 1 2 9 6 4 0 8 . 1 * 2 5 4 4 . 5 0 6 1 2 * 8 . 3 2 0 9 0 1 * . 7 9 2 2 9 7 . 2 3 6 4 0 3 . 5 5 6 3 9 1 . 2 2 5 3 1 3 . 7 0 2 3 7 9 . 2 9 7 3 6 6 . 8 * 8 
7 5 * 5 . 3 9 4 6 9 5 . 3 4 2 1 4 * 1 . 0 6 8 4 0 3 9 3 . 2 8 1 4 7 8 . 6 2 5 5 1 8 . 1 7 4 4 7 8 . 5 5 9 4 5 5 . 2 8 7 • 7 9 . 7 7 5 4 3 9 . 1 * 9 
STEP NO. AVERAGE VARIANCE 
0 1 1 . 6 9 2 B . 2 9 1 3 0 . 8 2 9 1 2 . 7 8 6 9 . 1 3 1 7 . 2 7 5 6 . 7 4 ? 1 1 . , * 2 9 7 . 8 0 1 8 . 8 7 2 
1 6 . 0 2 2 7 . 4 3 8 2 1 . 5 7 7 6 . 6 3 2 6 . 3 7 0 5 . 6 6 2 4 . 8 3 8 6 . . 0 * 7 7 . 2 2 * 5 . 9 7 7 
2 5 . 0 0 5 5 . 5 9 9 6 . 2 2 3 5 . 5 9 7 5.000 5 . 5 8 0 4 . 6 4 8 4 . . 9 1 5 6 . 5 8 6 4 . 6 2 7 3 4 . 2 5 3 4 . 7 5 6 5 . 5 7 1 
4.638 4.663 
5 . 1 * 8 4 . 6 * 9 *. , 7 0 7 5 . 4 0 7 4 . J S 8 
* » . 2 2 6 
4.170 
4 . 2 4 0 4 . 7 * 3 
4.759 
4 . 4 8 6 4 . 3 9 1 4 . . 8 1 6 4 . 4 2 3 * . * 2 5 
b 4 . 3 6 2 4 . 2 2 5 3 . 6 8 0 . 9 0 4.685 4 . 2 6 3 4 . 2 2 3 «. . 5 9 9 4 . 3 9 0 4 . 3 1 2 6 4 . 2 7 7 . 0 1 3 3 . 6 0 3 3 . 5 0 1 . 6 6 8 4 . 3 0 * 4 . 3 2 2 4 . . 6 1 1 4 . 3 6 3 4 . 3 9 * 7 4 . 2 1 8 3 . 9 8 1 3 . 6 6 7 2 . 6 2 5 . 3 5 8 4 . 2 7 6 4 . 3 6 0 «. 4 1 3 4 . 3 5 2 4 . 4 5 6 
AVERAGE SQUARED BIAS 0 7 8 2 . 9 5 0 1 1 7 . 7 9 5 1 4 5 2 . 4 3 1 6 4 4 . 6 3 2 2 4 B . 0 1 1 3 3 2 . 3 9 0 1 1 6 . . 9 9 2 1 2 5 . . 2 6 9 9 7 . * 0 1 1 4 2 . 2 6 1 
1 5 * . 9 8 2 1 1 6 . 6 1 2 1 5 9 . 0 1 8 1 1 3 . 8 4 0 9 7 . 8 2 1 1 0 3 . 4 5 2 47, . 7 6 6 1 6 * . . 7 « 3 9 3 . 5 0 5 1 3 7 . 5 1 * 2 6 5 . 5 8 6 1 0 * . 2 3 9 7 8 2 . 6 8 0 1 1 6 . 3 4 6 8 5 . 6 7 5 9 8 . 6 2 7 5 5 . 2 7 3 78. . 7 6 4 6 6 . 9 * 2 66.8*9 3 6 7 . 4 3 7 1 * 1 . 6 5 3 2 5 O . 2 8 0 1 0 4 . 9 3 5 9 7 . 0 5 5 6 3 . 0 8 2 5 8 . . 2 7 6 8 8 . . 9 9 * M . 7 M 8 3 . 7 7 5 4 7 2 . 6 7 2 6 1 . 4 0 1 2 0 1 . 9 0 3 1 0 7 . 3 8 6 1 0 6 . 9 9 * 8 3 . 2 1 9 5 9 . 6 5 3 9 8 , . 1 1 9 6 5 . 2 5 9 9 1 . 1 7  5 7 9 . 4 6 7 6 2 . 7 3 3 1 4 2 . 1 5 5 1 1 2 . C 1 3 1 1 6 . 1 7 0 6 3 . 9 9 * 6 4 . 5 3 5 1 1 3 . . 6 1 1 7 8 . 7 5 8 7 5 . 6 9 5 6 8 5 . 6 6 8 6 7 . 2 7 8 1 3 6 . 0 6 8 2 3 0 4 6 . 2 9 * 1 2 3 . 1 * 6 6 8 . 2 0 7 68. . 5 0 4 1 1 7 , . 8 9 * 66.422 8 2 . 9 8 3 7 7 3 . 7 8 7 7 0 . 3 7 6 1 3 5 . 7 0 2 2 6 4 7 9 . 6 8 5 6 8 . 5 3 3 7 * . 2 1 9 7 » , .8*1 7 1 , . 8 1 7 7 1 . 2 4 * 9 1 . 9 5 4 - -— — — —  - —. 
iTE? MO. MINIMUM MEAN SftUAAE EROR 0 7 9 4 . 6 4 2 1 2 6 . 0 8 7 1 4 8 3 . 2 6 0 6 5 7 . 6 1 8 2 5 7 . 1 * 2 3 3 9 . 6 6 5 1 2 3 . . 7 3 3 1 9 6 , . 6 9 8 1 0 5 . 2 0 2 1 5 1 . 1 9 9 I 6 1 . 0 0 * 1 2 * . 0 * 9 1 8 0 . 5 9 5 1 2 0 . 4 7 1 1 0 * . 1 9 1 1 0 9 . 1 1 * 5 2 , . 6 0 * 1 7 0 . . 7 6 9 1 0 0 . 7 2 9 1 * 3 . 4 9 1 
2 7 0 . 5 9 1 1 0 9 . 8 3 8 7 8 8 . 9 0 3 
121.9*3 
9 0 . 6 7 6 1 0 4 . 2 0 7 5 9 . • 9 2 1 8 9 , . 6 7 8 7 9 . 4 8 8 7 1 . 4 7 0 
I 7 1 . 6 9 0 1 * 6 . 4 0 9 2 5 5 . 8 5 2 
109.57* 
1 0 1 . 7 1 8 6 8 . 2 3 0 6 2 . 9 2 5 9 9 , . 7 0 1 6 5 . 1 6 5 8 7 . 1 3 3 
4 7 6 . 8 9 8 6 5 . 5 7 1 2 0 6 . 1 4 2 1 2 . 1 2 9 1 1 1 . 7 5 3 8 7 . 7 0 5 6 4 , . 0 4 4 1 0 2 , . 9 2 9 6 9 . 6 7 6 9 5 . 6 0 5 5 8 3 . 8 2 9 6 6 . 9 5 8 1 4 5 . 8 3 5 1 6 . 7 0 * 1 2 0 . 8 5 5 6 8 . 2 5 7 6 8 , . 7 5 8 1 1 8 , . 2 1 0 7 5 . 1 * 8 7 9 . 9 4 8 6 8 9 . 9 * 5 7 1 . 2 9 1 1 3 9 . 6 7 1 2 3 0 * 9 . 7 9 5 1 2 7 . 8 1 4 7 2 . 5 1 0 7 2 , . 8 2 6 1 2 2 . . * * 9 7 2 . 7 8 5 8 7 . 3 7 7 7 7 6 . 0 0 S 
74.357 
1 3 9 . 3 7 0 2 6 * 8 2 . 3 1 0 7 2 . 8 9 1 
7B.*95 
7 9 . 2 0 1 7 6 , . 2 3 0 7 9 . 5 9 8 9 5 . 6 1 2 
STEP NO. IMPROVEMENT RATIO 
1 . 0 7 0 . 9 8 2 . 1 1 8 .176 . 3 9 1 . 3 1 0 . 3 9 7 1 , . 2 5 9 . 9 5 4 . 9 * 6 2 . 0 8 2 . 8 6 3 . 5 3 0 . 1 7 8 . 3 3 7 .294 . 4 5 7 . 5 9 3 . 6 7 9 . » 5 1 J . 0 8 3 1 . 1 6 5 . 1 6 9 .159 . 3 8 0 . 1 8 6 . 4 8 2 . 6 6 9 . 5 9 4 . 5 5 7 4 . 0 9 0 . 4 9 3 . 1 3 5 .163 . 4 2 0 2 4 4 . 4 9 0 , 7 3 8 . 6 3 7 . 6 1 * 5 . 0 9 8 . 5 0 3 . 0 9 4 1 6  .455 . 1 8 5 . 5 2 9 . 8 5 3 . 6 9 1 . 5 8 6 b . 1 0 6 . 5 3 8 . 0 9 0 35.338 . 4 8 2 . 1 9 8 . 5 6 1 , 8 8 * . 6 6 5 . 5 5 6 7 . 0 9 0 . 5 6 2 . 0 9 0 40.602 . 2 6 3 . 2 1 5 .614 . 5 3 1 . 7 9 2 . 6 1 3 STEP NO. Ml nimuation FUNCTION 
0 9.306 6.832 12.902 9.136 7.598 11.704 4, .44*. b, 67? 8.472 5.595 1 5.249 4.553 7.90b 5.£38 5.n*ft 6.788 ». . 4 0 6 4 , . 4 0 3 5.284 3.671 2 4.620 4.521 •» 79.24'* S.L.76 • » . 5 2 9 5.039 2, . 7 4 5 4, 191 4.337 3.369  3.950 15.21b 65. H h 4.bZ3 3.568 3.9S7 .324 3, . l i o 4.179 2.293 4 3.410 l l . U 3 o 60.902 4.765 1.653 3.496 9 .145 3. ,261 2.528 2.2n«t 3.386 3.73d 57.30'i 4.-23 3.3? ?.15B 1 . .22B 2.877 2.182 1.811 Q 3.016 2.607 3.362 2.083 1 . .391 2. ,in 1.964 1.43* 7 2.216 2.Ub7 51.40nbl»62oH.n75 1.34* 1.850 1. 50? 1. 073 2.211 2.150 
9. Experimental Design Data for N=4, k-2, M=4, 8^./a=10 
JTU,' M>. r > r T F R M I M A N l OF T H E ( X X ) M A T R I X 
u . 1 " 3 . 3 0 0 . " 2 i . 8 3 7 1 . 4 9 5 4 . 4 7 4 2 . o 7 o 2 . 3 o 2 1 . 6 2 4 . 8 3 3 
i 4 . 0 n 2 o . ^ 9 ± 7 . 2 2 4 7 . 6 2 0 7 . 1 0 7 9 . * 6 a 1 2 . 4 2 7 7 . 9 9 9 7 . 2 7 2 
7 . 3 « b 1 1 . 4 3 1 2 1 . ? 5 o 1 4 . 4 4 1 1 1 . L . 4 J 8 . 9 8 9 1 2 . l 2 o I f , . 7 8 1 1 2 . 0 8 8 1 6 . 5 3 9 3 1 1 . 2 ^ 0 1 ^ . 2 3 1 68.05U 2 5 . 2 P 0 2 1 . o 8 1 1 4 . 6 4 3 I f a . c 9 s l q . 7 b 5 2 0 . 7 0 1 4 Q . 7 4 7 
•* l b . 0 4 2 « ! h , 2 6 4 9 2 . f , H < * 1 7 . 7 D 1 3 1 . 1 4 9 2 3 . 1 7 4 2 4 . u 3 * 2 l » . 4 b 8 2 8 . 8 9 0 4 9 . 5 1 0 
i T i . . o , * V E K A f a E V A R I A N C E 
" 3 ' j . s O b ; _ 3 . d < > 7 5 . 7 8 a 5 . 7 J 8 4 . b 8 2 2 . 9 2 9 4 . U & 3 4 . 7 « ! 4 4 . 4 3 7 5 . 7 3 8 
1 3 . 8 " 7 3 . U 7 6 3.F.4/ 3 . 6 1 1 3 . 1 9 6 3 . 1 8 3 « > . d 6 4 2 . t o l l 3 . 0 9 b 3 . 5 9 9 
2 3 . 7 ^ 3 3 . 2 * 3 1 Z . - T O j 3 . 2 ^ 2 3 . 4 3 U 3 . 5 3 9 3 . t 5 < ? . o 0 8 3 . 2 6 a 3 . 1 7 2 
j j . a ^ i t 3 . 2 0 1 2 . ' 2 o 3 . 0 2 P . 1 . 0 6 1 3 . 4 4 b 3 . 3 2 u 3 . U 9 9 3 . 0 7 b 2 . 4 9 8 
4 4 . 0 * o 3 . 2 1 2 2 . ? 4 j ? . 9 V 3 . 0 6 1 3 . 3 5 9 3 . 3 0 o 3 . 2 9 5 3 . 1 1 9 2 . 6 5 3 
sT_(J O . A V r R A u t S u t U A R E U B I A S 
25bo.4SI» 1 * 0 7 5 . 6 1 7 
1 8 « * . b " 3 fcl.110 
8 9 . 8 M < * 7 . 5 0 9 
11/.884 V 3 . 7 8 8 
1 1 3 . 1 ^ 2 1 1 1 . 5 6 7 
M I N I M U M ML AN S 0 U A K E E R R O R 
2 5 9 o . 3 » > 0 1 5 U 9 9 . 4 B 4 1 9 4 2 . Q h 4 3 9 9 B . 4 7 9 1 0 8 2 . 3 1 1 6 8 . 2 8 2 3 7 1 . 4 4 * 1 0 6 7 . 8 3 6 7 7 1 , 3 3 a 4 1 5 J & . 6 5 6 
l 8 o . 3 ° 9 0 4 . 1 8 6 9 4 . 4 5 o 1 3 3 . 5 7 0 1 3 9 . b i o 8 6 . 2 6 b 8 U . 9 H 9 0 . 0 3 B 1 3 4 . 8 3 3 1 3 6 . 4 6 2 
9 j . 5 * 4 l o 0 . 7 ° 9 1 2 3 . 7 0 j 1 3 4 . 4 P 6 l l j . 5 2 o 1 0 1 . 9 1 0 9 4 . 1 9 . 9 2 . 5 5 2 1 0 6 . 1 4 4 2 7 0 . 6 9 6 
1 2 1 . 7 ' V i V f c . 9 1 9 3 1 4 . M o 1 2 5 . 0 2 0 1 3 . 1 . 0 6 0 1 0 3 . 6 9 7 l i b . ^ 1 4 1 0 6 . 0 6 3 1 2 8 . 2 4 5 1 6 4 . 1 5 0 
1 1 7 . 2 ' b 1 1 4 . 7 7 9 2 9 1 . f > 3 1 1 2 2 . 0 4 3 1 2 u . 4 9 2 1 2 6 . 3 7 1 1 1 2 . ^ 9 9 l 2 b , 3 5 7 1 2 1 . 6 3 3 1 4 7 . 3 5 7 
r f ' P P O V t M E N T R A T I O 
. O ^ l . Û S . " 4 7 . 0 ' 3 . 1 2 o 1 . 2 7 6 . « : l u . O t t l . 1 7 1 . 0 3 2 
, 0 V > . 0 1 b .16D . 0 3 3 . 1 0 2 l . D l b . < > 4 o . 0 8 3 . 1 3 3 . 0 6 4 
. U " b . u " f > . 1 6 u . 0 3 0 . 1 2 0 1 . 5 4 1 . J 0 a . 0 9 6 . 1 6 ^ . 0 3 9 
, 0 « 4 . 0 0 7 . i 4 o . 0 3 0 . 1 0 6 1 . 8 6 9 , < : 9 4 . 1 1 4 . 1 5 3 . 0 3 5 
M I N I M I S A T I O N F U N C T I O N 
I. Iyb ^.H7t 5 . f . 7 o 7 . 9 2 1 4 . 4 0 5 1 . U 7 2 2 . i 4 < : 3 . 0 4 9 3 . 5 6 t > 8 . 0 6 4 
, 5 " b 1 . 1 4 5 2 . * 6 o 4 . 0 ° 7 1 . 9 4 4 . 7 9 8 . b 5 - » 1 . 0 o 5 1 . 4 3 U 4 . 1 9 1 
. 6 ^ 3 . 9 4 5 2 1 . 1 7 J 3 . 0 0 b 1 . 4 5 8 . 9 2 b .HOJ . 6 5 8 ' 1 . 0 1 4 7 . 5 6 8 
. 7 5 ; ; ,,TBE 5 3 . 1 . 9 r p . 7 5 9 1 . U 1 2 . a l l . 5 t t 8 . 5 1 7 2 . 2 0 6 
1 . 1 1 b . b " 9 1 3 . 7 0 - * 1 . 2 4 0 . 4 6 3 . 8 2 7 . 4 5 4 . 7 3 9 , 3 3 o 1 . 3 9 0 
Table 10. 
Tl<U C i 3 4 b 6 7 A 9 1 0 
b K , , u . n E T f p M l H A N I u F T H t ( X X ) M A I K I A 
u / . b ^ / 4 . - , R i 
4.9*7 
7 . 6 4 7 6 . 3 o 7 o . 7 3 o h . 0 J 7 5 . 7 7 o 6 . 8 0 9 
1 l b . " * " ! i 7 . < : < U 1 0 . * 9 o 2 1 . 6 * 5 l b . 6 6 2 1 4 . 1 5 6 1 2 . o 9 o 1 7 . 0 5 4 1 3 . 4 2 b 1 0 . 5 3 4 
2 j , t l i ) 2 7 . 7 6 9 2 8 . 4 9 7 2 3 . o 2 3 1 7 . 8 8 4 l b . b 2 a 2 0 . 1 3 7 1 5 . 9 3 4 1 6 . 9 2 6 
3 3u.l*4 i5.u24 
4 2 . 1 6 a 3 4 . 0 1 * 3 o . b 6 U 2 2 . 2 6 8 2 4 . 1 6 a 2 8 . 9 1 5 2 4 . 5 5 a 2 3 . 3 8 1 
1* 3 o . 9 f > 9 OS.d̂O 56.P4* 45.011 3 9 . 5 0 6 3 0 . 2 2 0 3 2 , 0 9 4 4 ( 1 . 2 0 5 3 3 . 5 5 * 3 1 . 2 4 2 b 
4 .̂5*2 
b 0 . 1 5 3 7 2 . •??. 3 
64.6<H> 
5 0 . 3 6 3 4 1 . 4 9 o 4 b . b 0 3 4 9 . S a d 4 3 . 4 4 1 4 3 . 4 5 4 
S T _ t - , u . A V F H A b E V A R I A N C E 
o J.l*t> 3 . 3 2 8 4.41.1 3 . 6 5 5 3.158 2 . 9 4 6 3 . * 5 u s.boto 3 . 3 7 o 3 . 2 5 9 1 t . 9 4 b 2 . 0 1 5 4 . 1 A o 2 . 6 * 0 £ . 9 2 4 2 . 9 6 5 3 . 1 4 4 2 . 8 t > 7 3 . 0 4 9 3 . 3 4 5 2 * . 9 4 7 3 . 0 7 4 
3.flu 
2 . 8 6 1 2 . 9 3 2 3 . 1 9 5 3 . 2 9 u 3 . 1 5 3 3 . 3 6 7 3 . 2 6 4 
3 
3.U«b 
3 . 3 0 4 
2.090 
3 . 0 O 5 j . 0 7 5 3 . 3 9 9 3 . 1 3 8 3 . 2 8 7 3 . 3 4 0 
4 
3.171 
3 . 2 7 5 
2.P84 3 . 1 3 1 0 . 1 5 8 3 . 4 6 1 
3 . 3 8 4 3 . 1 3 5 3 . 3 3 3 3 . 4 2 2 
5 0 . 2 ' i b 3 . 2 3 3 2 . " 3 a 3 . 0 1 5 3 . 2 2 9 3 . 4 0 4 J . J 4 4 3 . 2 4 7 3 . 4 0 1 3 . 4 1 3 
S T r . t , U . A V F R A u t S l i U A R E U B I A S 
0 2 6 9 . 6 " 1 4 3 3 . 4 1 1 1 4 1 . ? 0 u 1 3 7 4 . 9 5 1 2 8 b . b 3 b 7 7 . 0 5 9 7 l . n 0 . : 1 6 3 . 4 6 a 1 4 8 . 7 4 0 6 8 . 7 8 2 
1 99.3'5 90.772 2 3 4 . 0 7 i 1 4 0 . 9 5 9 1 0 1 . 2 8 9 0 2 . 2 5 9 8 5 . 7 6 . 8 2 . 3 8 7 7 5 . 9 3 0 8 9 , 1 7 1 
2 1 1 1 . 4 ° b 93.704 1 1 0 . f > 9 3 1 3 2 . 3 0 3 1 1 2 . 6 1 3 95.088 1 0 2 . O 4 o 8 f t . 7 0 b 9 1 . 1 3 2 96.840 
3 1 1 2 . 4 ^ 8 11.2.911 1 0 6 . P 4 a 1 2 5 . 9 0 2 1 1 3 . 4 8 0 1 1 4 . 9 1 2 1 0 8 . 4 9 o l O a . 7 9 4 1 0 6 . 3 0 7 1 1 0 . 3 0 4 
4 1 2 9 . 0 6 7 1 1 6 . o 9 8 1 2 4 . J l 4 1 2 6 . 1 7 7 1 2 * . 7 4 1 1 2 1 . 9 4 9 1 1 9 . 0 3 / U 3 . 7 2 7 1 1 7 . 1 6 2 1 2 3 . 9 7 5 
5 1 3 0 . 2 ' 9 1 3 0 . 4 5 0 1 2 9 . 8 5 3 1 3 4 . 4 1 0 1 3 b . 2 4 2 1 3 4 . 7 8 9 l 3 9 . * 3 j 1 2 7 . 5 5 3 1 3 4 . 1 8 7 1 2 9 . 1 6 6 
b T ^ r ' U . M I N I M U M M t A N S O U A R E £ R R 0 K 
U 2 7 « ; . d 0 6 4 3 6 . 7 4 0 1 4 5 . f l 9 1 3 7 8 . 6 0 5 2 8 9 . 6 9 4 8 0 . 0 0 6 7 4 . o b u 1 6 7 . 3 5 2 1 5 2 . 1 1 7 7 2 . 0 4 1 
1 1 0 * . 2 ^ 1 V 3 . b 8 8 2 3 8 . . ' 5 / 1 4 3 . 6 1 9 1 0 ^ . 2 1 4 8 5 . 2 2 4 88.90s 85.244 7 8 . 9 8 7 9 2 . 5 1 6 
2 l l 4 . 4 - < b V 6 . 7 7 P 1 1 3 . 7 0 3 1 3 5 . 1 6 3 1 1 5 . 5 4 5 9 8 . 0 8 3 106.13a 9 ) . 8 5 9 9 4 . 4 9 9 1 0 0 . 1 0 4 
3 113.3*3 l u 6 . 2 1 5 1 0 9 . 7 3 o 1 2 8 . 9 9 7 l i b . 5 5 6 1 1 8 . 3 1 1 l l l . O O o 1 0 3 , 9 3 2 1 0 9 . 5 9 3 1 1 3 . 6 4 4 4 1 3 ^ . 2 ^ 6 l t l . 1 7 4 127.00a 1 2 9 . 3 1 1 132.099 1 2 5 . 4 1 0 1 2 2 . 4 2 o l l f , . 8 o 2 1 2 0 . 4 9 3 1 2 7 . 3 9 7 
5 1 3 9 . 4 ^ 5 1 3 3 . b 8 3 1 3 2 . 7 8 o 1 3 7 . 4 2 6 1 3 9 . 4 7 1 1 3 0 . 2 7 2 1 4 2 . 3 7 / i3q.OuO 1 3 7 . 5 8 0 1 3 2 . 5 7 8 
STI.i> I M P R O V E M E N T R A T I O 1 , 3 * o . 2 0 7 l . * - 5 * . 1 0 2 . 3 5 1 1 . U 6 7 1 . 1 9 4 . 4 9 0 . 5 0 7 1 . 2 9 7 
. 4 1 1 . i l 4 .•'73 .nos . 3 9 0 1 . 2 4 4 1 . 4 4 u . 5 3 7 .6I0 1 . 4 0 7 J . 4 1 4 • 2 3 b . 7 4 3 . 0 9 1 .393 1 . 4 9 7 l . b l o . 6 1 0 . 7 1 1 1 . 6 0 3 . 4 " » o .PhD .001 . 4 5 0 1 . 5 8 0 1 . u 6 a . 6 0 9 . 7 8 4 1 . 8 0 2 3 .b"2 . " 0 3 .007 . 4 7 3 1.75b 1 . 9 4 / . 7 7 3 . 8 9 0 1 . 8 7 6 
bT:_r ,0. minimisation FUNCTION 
0 * . 2 ' b ' . 9 b 5 fl.^fla 7.122 2.370 .ta93 l.Ola 2.231 1.719 .854 1 1 . 1 ° 9 
6.M 1 2.940 1.169 .*07 • o5a .794 .584 .772 2 • 4?b U.COi 1.904 .o22 .209 • o5u .o42 .671 .559 3 .4*1 . t o 9 3.76i 1,4°P .45o .403 .774 .519 .637 .702 4 .353 .440 2.̂*4 1.248 .363 .594 . /44 .200 .487 .768 b .4*7 .347 2 . " " a .6°M .425 .713 ./OH .330 .75o .911 
1 1 , E x p e r i m e n t a l D e s i g n D a t a f o r N = 8 , k = 2 , M = 5 , 
T t ^ l t ,L,L i ?. 3 4 \j 6 7 rt 9 1 0 
^ F T r R M l M A M T O F THE ( X X ) M m I K I X 
Hi. ' ) V . - . l . b M h 4 6 . : > 4 j 1 6 . 3 7 a 3 1 . 2 4 9 3 b . U d 4 3 l . 4 3 o 1 2 . 7 3 3 2 5 . 3 7 U 1 8 . 9 4 0 
3 / . 7 " 9 7 1 . / 4 2 o 4 . ? B o S 5 . 6 * 4 4 4 . U 5 1 6 0 . 8 3 0 4 4 . 4 8 * 4 2 . 7 6 1 5 1 . 2 1 a 3 2 . 3 7 3 
4 7 . 7 ' * * i ; ? . 0 h h 7 3 . 1 8 a R 1 . 1 P 2 S j . 1 1 3 7 0 . d 2 9 5 4 . b 4 4 6 n . 3 6 3 6 3 . 8 B o 9 6 . 9 7 2 
6 o . J " * 4 9 1 . b M a n . ^ O o I f ) ? . 4 7 7 6 6 . 7 2 0 7 8 . 2 7 1 7 2 . * 0 o S 4 . 9 t > 6 8 3 . 1 2 o 6 0 . 7 2 1 
Ul.ti<K-j luS.o'Jb 9 7 . c 4 d 1 1 4 . 8 1 4 9 0 . 1 0 1 S O . d b U 8 9 . 7 9 o H i ) . b o b 1 0 9 . 8 9 4 8 5 . 9 1 6 
l i b . 3 7 4 1 3 4 . 4 3 7 1 2 1 . r>fia 1 2 4 . 4 4 7 1 0 7 . 9 3 7 1 0 d . 7 7 4 1 0 7 . 0 0 / 1 3 3 . 8 o 3 1 2 5 . 7 3 7 1 0 4 . 9 8 1 
b T , ^ u . A V E K A b E V A K i A N C t 
u j.l^U 3.CJ61 2 . •'4o 2 . H P 6 3 . 0 3 b 2 . 9 5 1 3 . u 2 * 4 . 3 1 4 3 . 2 6 * 3 . 7 2 5 
1 J.l"9 2 . 6 1 1 2."'2i 2 . 8 * 3 j . u 6 7 2 . 7 3 b 3 . U 6 * 3 . 1 b 3 2 . 9 2 1 3 . 3 9 7 
J . 2 ° U ? . 7 " U 2 . ° 8 u ? . 7 P 4 3 . 1 9 1 2 . 6 8 3 3 . 1 3 0 3 . 0 2 9 3 . 3 5 2 
0 2 . 9 5 f t 3 . " 7 h . i . i O S 3 . 0 6 7 J.ib*. 3 . 0 3 2 3 . 0 2 7 3 . 3 5 9 
4 l ° b 3 . 0 * 3 3 . 1 ? * 2 . 9 M 3 . 1 9 1 3 . L U 2 3 . i 9 j 3 . 0 0 2 3 . 0 4 0 3 . 2 4 9 
•' J . 1 ° 4 3 . 0 3 5 3 . 1 3 0 3 . 1 1 3 3 . ^ 6 3 3 . 2 4 7 3 . 2 b u 3 . 0 3 9 3 . 0 9 J 3 . 2 9 2 
b T i _ , A V F P A b E S ^ U A R t O B I A S 
ll l b u . 2 7 o 1 l , ; > . * 1 2 1 5 7 . ° 5 t 1 1 3 . 5 6 3 1 2 7 . 1 1 0 1 8 6 . 3 7 2 1 4 1 . / I / 6 3 9 . 1 9 2 2 1 5 . 2 3 1 1 3 0 . 5 1 2 
1 l U t . 4 * " - ; , 1 4 S . 7 ' ' 0 1 4 5 . 7 2 o 1 V > . 7 7 « 1 1 2 9 , b 4 i 1 7 0 . o 8 4 1 3 5 . s 9 j 1 2 7 . 8 a 9 1 2 1 . 1 0 9 1 3 5 . 2 6 0 
2 0 / . 5 * 7 j . 4 3 . t > 9 ? 1 4 4 . ^ ^ o 1 4 7 . 9 * 4 1 4 4 . 7 1 b 1 6 0 . U 7 b 1 4 b . 9 l a 1 3 S . 1 2 4 1 2 8 . 2 6 0 1 3 2 . 7 8 4 
3 2 3 d . 9 ' u 1 4 7 . 7 1 7 1 5 0 . * 2 - . 1 5 7 . 3 ? " 1 6 0 . 2 7 1 1 9 7 . o 8 2 1 7 0 . u 3 o 1 6 f , . 3 o l 1 3 9 . 7 3 1 1 5 1 . 6 5 1 
4 l b 5 . 1 7 4 1 5 7 . ^ 5 * 1 6 3 . 5 4 0 1 5 o . b 6 9 2 0 0 . 7 6 1 1 7 1 . o b i l 7 o . 9 1 1 1 5 0 . 3 9 3 1 5 6 . 4 1 9 
b I H 7 . 3 1 3 1 7 4 . 3 1 1 1 7 2 . 0 4 1 1 7 4 . 4 3 4 1 7 5 . 4 1 0 2 2 2 . 2 2 1 1 9 2 . 0 9 a 1 8 9 . 3 3 9 1 6 2 . 8 4 0 1 6 9 . 1 9 6 
jT i-> . 0 . M I M I M U M M t A N i t i U A H E o R K O R 
0 l b j . 4 * S u l o 5 . l ) 7 3 1 6 0 . 6 9 / 1 1 6 . 4 4 9 1 3 0 . 1 W 5 1 8 9 . 3 2 3 1 4 4 . 7 4 u 8 9 ^ . 5 0 7 2 1 8 . 4 9 4 1 3 4 . 2 3 8 
1 l S b . t . ^ b 1 4 8 . 4 2 0 1 4 8 . 4 4 c 1 3 " . 6 ? 2 1 3 2 . o 0 3 1 7 3 . 4 2 1 1 3 8 . o 6 h 1 3 1 . 0 1 2 1 2 4 . 0 2 9 1 3 8 . 6 5 7 
2 ? . l o . r i < * / 1 4 6 . 4 . 1 3 1 4 7 . 1 5 1 . 7 " P 1 4 7 . 9 0 7 1 6 2 . 9 5 9 1 5 0 . 0 8 4 l 3 H . 2 b 4 1 3 1 . 2 9 / 1 3 6 . 1 3 6 
3 ? 3 y . 2 ° 0 l b n . 7 5 6 1 5 3 . «(J 1 6 0 . 1 4 3 1 6 9 . 4 7 7 2 0 0 . 7 4 9 1 7 3 . A 9 o 1 6 9 . 3 9 2 1 4 2 . 7 5 d 1 5 5 . 0 1 0 
4 l b ^ . l 1 " * l b l . 2 3 7 l b n . ' i « o 1 * 6 . 4 ° 1 1 6 1 . 7 6 0 2 0 3 . 9 4 4 1 7 5 . u 7 j 1 7 3 . 9 1 4 1 5 3 . 4 3 4 1 5 9 . 6 6 8 
5 l l u . 4 « 7 1 7 7 . 3 4 6 l 7 b . ' 7 u 1 7 7 . 5 4 7 1 7 b . o 7 3 2 2 b . 4 b a 1 9 5 . 9 6 * l 9 ? . 3 7 d 1 6 5 . 9 3 3 1 7 2 . 4 8 8 
I M P P o V E M E N T K A T I U 
1 .7<>7 . " 2 a 1 . 2 " 5 1 . 0 1 9 . 9 1 4 • 9 b a . l u l . 5 5 S i 
j . . 3 » 2 .7-V, 1 . 3 " ? 1 . 1 3 9 • 9 o 4 l . u 3 u . l o 0 . 5 9 * 
J> x . ' l - ' l . d " H • ° 5 i 1 . 3 P f - i . 0 O 9 l . U b O l . l 9 y . 1 9 7 . 6 4 b 
•1 1 . 1 " * . ' . o 4 ° 1 . 4 " 1 l . * 4 ? 1 . J 7 o 1 . ^ 1 * . 2 0 2 . 6 9 4 
b 1 . 2 4 4 . 9 5 4 l . p R o 1 . 5 ? P 1 . 3 8 0 1 . 1 9 2 1 . 3 5 ^ . 2 2 4 . 7 5 2 
1 . 0 3 3 
1 . 0 1 3 
1 . 1 5 7 
1 . 1 9 1 
1 . 2 8 9 
10. f " I M T M I £ M T I O i - j F U N C T I O N 
m S . 4 ?Q l . p 8 o 4 . 7 " 7 3 . 2 7 7 1 . Jlo rt.741 4 . 7 8 9 1 . 7 0 8 
1 J, ? . o ? 3 l . n * i 9 3.3PC. . b 8 > 1 . 4 U 7 . /5« 3 . 4 9 9 1 . 5 9 0 1 . 1 1 2 
I 1 1 . 4 1 0 . f - 5 3 ? . 2 i e . o 0 7 1 . 1 2 9 . / S j 2 . 4 1 1 1 . 0 1 3 . 9 8 2 
i. 1 . 5 0 9 . c ? u t . 5 4 o • L>9b 1 . 0 7 4 . b 4 u 1 . 4 / 4 . 5 9 1 1 . 0 0 6 
+ i. 1 . 3 5 1 . = 7 / 1 . 2 ° ? . b 4 b 1 . 2 3 3 . b 3 j . 9 9 8 . 2 5 8 . 6 3 2 
>'n . 9 ? f . " I J 1 . 3 n i i • o 0 9 1 . 2 7 2 • o 7 ^ . 6 3 3 . 1 5 3 . 6 7 5 
Table 12. Experimental Design Data for N=6, k=3, M = 4 , Bij/a 
1 3 4 b b 7 A 9 10 
T̂ut O. "FTFVMTMAMT OF THE <X X) MATRIX 
u .4»0 .421 .clo 1.545 .05* .3bb .U9/ .038 .069 1.733 1 11 . 2 "J 3.222 3.»9j 7.329 .old 3.459 .159 .892 31.729 ^ ltJ.2-"/ 11.710 25.̂43 10.305 •j.oOa 6.445 13.79a 6.510 4.570 47.699 3 3i.7"9 25.059 50.664 22.4°? ly.b94 10.961 3b.*5<» 15.174 19.13d 67.147 4 4/.5'"i 4 0.JSb 70.27o 40.012 4o.b44 29.757 51.713 31.387 42.586 92.170 u. AVFrtAbE VARIAIlCfc 
U 24.650 11.930 30."7* 7.970 3b.21b 15.364 8j._>Uj 69.402 32.629 11.195 1 4.9°1 d.967 11.°4j 6.743 lb.Oil 7.008 37. d7-* 74.144 17.53J 3.690 2 4.9^9 5.o70 4.61* 7.374 0.271 6.964 b.39u 7.227 10.051 3.854 0 4.5"'b 4.968 4.114 6.061 b.747 7.161 4.3b/ 6.549 5.973 3.985 4 4.614 4.b5H 4.17/ 4.962 4.961 5.272 4.ol/ 5.529 4.930 4.062 
bT_r V/. AVFPAbt SiJUARtO BiAS 
li 1242o.l-»l ld33.1?7 354."lo 542.719 1793.404 771.021 164U.43Q o36.7*2 1379.903 30649.989 1 23u.5°7 *e6.o0b 19b5.°8o 134.959 243.b5d 216.930 7792.96V 3676.717 343.330 217.115 2 26b.967 2fa3.273 201.33* 161.971 433.97b 218.710 235.930 261.330 554.654 193.637 30b.l?b 307.765 265.*2o 204.102 299.635 151.55b 242.15/ 212.472 371.550 198.874 4 33b.741 203.9O8 259.°67 225.586 200.723 187.362 255.30o 204.242 211.63b 193.806 MINIMUM MLAN SOUARE EROR 
0 12452.7°1 'O45.057 38b. 590.689 182a.bl9 786.385 1731.743 706.204 1412.534 30661.183 X 23b.bn7 *95.b72 1977.«3a 141.70? 264.369 223.938 7630.d49 375n.8bl 360.86J 220.805 2 27u.d"76 *6'1.943 205.°5i 169.345 44*.248 225.674 241.3*0 268.557 564.706 197.492 3 31i,.7"3 312.733 269.64* 210.162 30s.582 158.717 24b.723 219.0*1 377.52o 202.858 4 34u.3̂b 213.«56 264.144 230.54P 205.b8b 192.634 259.924 *0q.771 216.565 197.868 u. IMPROVEMENT RATIO 
i .019 .158 5. 18u .14* .280 4.33* 5.341 .253 .007 2 .(Pl .143 • 2P0 .24U .202 .13/ .375 .397 .006 J .167 .694 .350 .165 • 19b • l4u .305 .264 .006 4 .0'7 .113 .67y • 3P4 .110 .239 .14/ .291 .150 .006 bT_h VlMrVÎATIOw FUNCTION 
u o. 71o 5.*'*? 9.06O a. 028 2.O01 b.33u b.eiu 5.327 13.010 
1 1 .?"b 2.̂11 4.»0o 4.555 3.508 1.600 3.464 3.050 3.673 7.705 2 i.9*»u ?.n65 3.8*6 3.231 2.262 *.96u p.o43' 3.487 6.087 3 1.7"fa I.J70 3."5<; 3.31P *.702 2.212 1.93o 1 .045 2.883 5.100 4 1.-f>7 I .H, M: 2.P0̂  2.717 2.211 2.10U 1. /b* P.Ul 2.333 4.158 
Table 13. Experimental Design Data for N = 8 , k=3, M = 5 , 8^/0=10 
jTi,,- , U . D E T F f M T N A N T ijF THE ( X X ) M A T R I X 
li 4 . 4 7 4 9 . 4 3 1 8 . « 3 u 1 5 . 1 * 9 l t t . o 8 b 7 . o 0 b 1 7 . o 2 x a . 9 7 7 2 . 8 9 5 1 . 3 3 0 
1 2 o . 2 1 o 4 4 . 2 0 b 2 9 . 4 m 6 8 . 0 7 7 7 6 . 7 3 5 4 1 . 5 M 7 4 . * 7 o l q . J o f l 1 3 . 4 9 4 7 . 3 3 6 
^ 5 j . 3 Q b 7 2 . 3 2 5 6 0 . * 5 3 9 5 . 7 * 6 1 1 0 . 6 1 9 5 6 . 5 1 8 1 0 6 . O b o 4 7 . 3 o 8 4 2 . 5 3 * 1 8 . 9 4 2 
3 flb.7M l y H . 9 3 8 1 4 * » . 7 7 o 1 3 0 . 8 0 7 1 4 6 . b 4 1 9 8 . 2 3 7 1 4 4 . b b o 8 2 . 4 1 8 7 7 . 7 7 7 3 6 . 2 7 3 
4 1 1 2 . b * U 1 3 * . 9 6 f l 7 f l . * 2 7 1 6 3 . 1 « ? 1 8 0 . u 4 6 1 4 8 . 6 3 0 1 7 8 . * l a l O s . 8 4 6 1 0 2 . 4 1 4 7 4 . 2 1 7 
5 1 4 c . 5 * 2 1 6 0 . 4 9 0 2 3 2 . " 3 1 1 9 ? . 3 1 ? 2 0 6 . 1 9 9 1 8 6 . 1 4 4 2 0 4 . 4 S o l 3 a . U b b 1 5 8 . 1 4 6 1 0 0 . I S O 
S T L P O . & V E K A O E V A R I A N C T 
u o . b 4 4 6 . b ? 6 6 . ' " ? 1 * . l « n 5 . 2 2 6 7 . 3 6 4 b . o 7 u 7 . 7 9 7 9 . 0 1 0 1 3 . 4 5 8 
1 b . 5 * b 4 . 4 3 4 5 . * 7 o 3 . 8 * 1 3 . 7 6 2 4 . o 4 7 3 . 6 0 u 5 . 9 9 2 7 . 5 0 7 7 . 2 2 9 
2 4 . i 7 a 4 . 2 8 6 4 . 7 4 0 3 . 8 9 9 3 * 7 7 6 4 . 7 6 1 3 . 6 l o 4 . 6 9 2 5 . 2 3 b 6 . 3 5 8 
3 4 . 3 * 9 4 . 1 7 4 3 . P 4 4 3 . 9 7 6 3 . 6 4 8 4 . 2 8 7 3 . 6 f l l 4 . 3 9 8 4 . 8 2 2 5 . 5 5 7 
4 4 . 4 * 6 4 . 2 6 4 4 . 0 0 3 4 . 0 * 6 3 . 9 5 7 4 . 1 2 7 3 . 9 9 4 4 . 5 1 7 4 . 9 2 * 4 . 9 6 4 
b 4 . 4 ° 7 4 . 3 1 4 4 . 1 4 7 4 . 1 9 2 4 . 1 2 7 4 . 2 1 7 4 . 1 7 J 4 . 5 5 7 4 . 6 3 6 5 . 0 2 8 
S T T C . 0 . A V F R A O E S Q U A R E D B I A S 
0 7 8 0 . 7 * 1 6 6 0 . 1 0 4 6 8 9 . 4 8 1 6 8 7 . 8 0 0 1 0 8 0 . 6 8 4 2 6 9 0 . 3 4 9 1 4 3 6 . b l i . 1 3 3 7 . 5 0 9 7 2 5 . 2 4 7 2 6 0 . 6 6 7 
1 2 9 * . 3 4 1 2 1 5 . 4 5 2 3 3 1 . ° 8 O 1 7 1 . 3 4 7 2 0 4 . 6 2 4 1 8 1 . 2 9 3 1 8 9 . o l o 5 1 7 . 9 5 8 2 7 7 . 4 9 1 3 2 1 . 4 1 1 
2 2 0 3 . 8 * 0 1 7 6 . 2 3 2 5 3 0 . * 0 o 1 8 0 . 7 0 7 2 0 9 . 8 6 5 1 7 2 . 7 7 9 1 9 0 . o 9 o 4 6 8 . 4 2 5 1 8 6 . 8 1 4 2 8 2 . 1 7 3 
3 1 7 6 . 8 * 8 1 9 9 . 9 7 8 2 2 1 . 7 4 1 1 8 1 . 3 2 e 2 0 6 . 3 3 5 1 9 3 . 7 6 8 1 9 1 . o l o 2 2 4 . 8 2 0 2 1 1 . 6 2 6 4 0 2 . 6 0 6 
4 2 0 f a . 7 4 4 2 0 3 . 6 6 6 2 4 1 . 6 0 b 1 9 7 . 0 7 2 2 2 0 . 8 3 8 1 9 0 . 9 0 2 2 0 0 . 4 5 9 2 5 4 . 5 3 2 2 4 0 . 8 0 3 2 4 0 . 5 6 8 
b 2 2 2 . 5 " t j 2 3 4 . 1 3 4 2 2 9 . 1 9 4 2 1 1 1 . 7 6 1 2 3 4 . 7 6 4 2 0 8 . 9 8 6 2 1 3 . 6 9 6 2 8 3 . 1 2 5 2 3 4 . 1 8 5 2 1 3 . 2 6 7 
S T U ' LU. MINIMUM MEAN S Q U A H E E R R O R 
0 7 9 2 . 4 0 5 6 U 6 . 7 4 2 6 9 5 . O 0 3 6 9 2 . 9 7 9 1 0 8 5 . 9 1 0 2 6 9 7 . 7 1 3 l 4 4 1 . 6 8 o 1 3 4 ^ . 3 0 6 7 3 4 . 2 5 7 2 7 4 . 1 2 5 
1 2 4 7 . 8 ° 6 * 1 9 . B 8 6 3 3 7 . 4 5 7 1 7 5 . 1 9 8 2 0 b . b 8 b 1 8 5 . 9 4 0 1 9 3 . 1 1 V b 2 3 . 9 b 0 2 8 4 . 9 9 8 3 2 8 . 6 4 0 
2 2 1 0 . 4 " 6 1 8 0 . 5 1 8 5 3 5 . * 4 4 1 8 4 . 6 P 5 2 1 3 . 6 < * 1 1 7 7 . 5 4 0 1 9 4 . 4 1 1 4 7 3 . 1 1 7 1 9 2 . 0 5 0 2 6 8 . 5 3 1 
3 1 8 0 . 2 * 6 2 U 4 . 1 5 2 2 2 5 . ^ f i b 1 8 5 . 2 * 4 2 1 2 . 1 8 3 1 9 8 . 0 5 5 1 9 4 . 6 9 o 2 2 9 . 2 1 8 2 1 6 . 4 5 0 4 0 8 . 1 6 4 
4 2 1 1 . 2 1 * 2 U 8 . 1 3 0 2 4 b . * 1 1 2 0 1 . 1 1 1 2 2 4 . 7 9 b 1 9 5 . 0 2 9 * 0 4 . H 5 O 2 5 9 . 0 4 9 2 4 5 . 7 2 b 2 4 5 . 5 3 2 
b 2 2 7 . 0 " J 2 3 8 . 4 4 8 2 3 3 . ? 4 1 2 1 4 . 9 5 3 2 3 6 . 6 9 2 2 1 3 . 2 0 3 2 1 6 . 0 7 x 2 8 7 . 6 6 1 2 3 8 . 8 2 1 2 1 8 . 2 9 5 
!»TI_|' ! 0 . I M P R O V E M E N T R A T I O 
1 . 3 " o . 3 1 5 . 4 8 1 . 2 4 7 . 1 8 6 . 0 6 7 . 1 3 1 . 3 8 7 . 3 8 4 1 . 2 0 2 
2 . 2 * 0 . 2 5 7 . 7 6 7 . 2 * 0 . 1 9 3 . 0 6 4 , 1 3 A . 3 4 9 , 2 5 o 1 . 0 5 2 
3 , 2 ' 0 . 2 9 1 . 5 1 6 . 2 * 1 . 1 9 1 . 0 7 1 . 1 3 * . l o 7 . 2 8 9 1 . 4 9 7 
4 . 2 * 1 . 2 9 7 . ? 4 ? . 2 8 4 . 2 0 3 . 0 7 0 . l 3 o . 1 6 9 . 3 2 9 . 8 9 1 
5 . 2 P 1 . 3 « 1 . 7 2 9 . 3 0 4 , 2 1 o . 0 7 7 . 1 4 o . 2 1 0 . 3 1 9 . 7 9 0 
STU"> , 0 . M I N I M I S A T I O N F U N C T I O N 
0 u . 7 ° 4 1 1 . " ? i 6 . 5 4 4 6 . 1 5 6 6 . 7 0 9 9 . 0 0 o 5 . 2 3 3 1 2 . 4 8 1 3 . 3 1 4 
1 4 . 2 * u 4 . 9 8 < » 7 . 7 7 o 2 . 9 4 6 4 . 0 3 9 3 . 4 3 6 4 . 4 2 a 2 . 9 7 1 7 . 1 4 9 3 . 4 8 4 
2 o . . » 7 2 3 . 9 P 5 9 . 4 7 / ? . 1 7 3 3 . 0 3 1 3 . 2 0 0 3 . 3 b * 2 . 5 0 8 5 . 7 1 7 2 . 5 8 4 
3 * . b 4 7 3 . 0 9 5 5 . 1 3 7 1 . 6 7 f . * . J 7 6 2 . 7 7 6 2 . o 0 o 1 . 6 4 9 4 . 2 7 1 3 . 0 3 8 
4 * . 5 * 6 P . 9 7 3 4 . * 2 7 1 . 3 * ° 1 . 9 7 9 2 . 2 5 2 2 . i 9 o 1 . 7 6 2 4 . 0 2 0 2 . 0 2 2 
b « . . 7 » J 2 . d 0 6 3 . P 0 4 1 . 3 7 3 1 . 9 0 9 2 . 1 9 * 2 . A 0 O 1 . 9 7 b 3 . 8 8 9 2 . 2 5 3 
O 
Table 14. Experimental Design Data for N=10, k=3, M = 7 , $ i./a=10 
1 * 3 U B 6 7 R 9 1 0 
U . R F:TFP>'TT'AN| O F r u t <X A ) HA I K I A 
a O . H ? H 1 1 . 0 6 2 . - » 6 J T . 7 7 4 U . 7 8 1 1 0 . D 7 2 2*.4 9 / 6 . 6 7 9 8 . 3 1 0 11 . 4 7 7 
i 6 L . J « L 5 . ' 6 9 2 9 . 1 ? 5 3 0 > * 3 0 4 0 . 4 5 2 6 7 . O I « . 3s . 4O9 2 1 . 7 3 1 4 1 . 2 8 4 
* O 4 . « 6 8 1 0 5 . 6 9 / 5 5 . 8 9 * 7 « : . 9 7 * 6 8 . 2 8 b 1 0 0 . 3 9 4 B | . L A 5 4 9 . 4 2 3 1 0 1 . 8 6 4 3 1 9 J . 7 N V 1 * 8 . 7 3 4 2 5 8 . 1 5 * 1 2 8 . 4 " 2 1 2 / . 4 9 B 1 1 5 . 4 7 9 1 4 0 . 6 9 U 1 2 4 . 3 4 4 9 5 . 6 9 6 1 6 8 . 0 5 1 
i 2 5 / . 4 * U 3 J 4 . 3 4 Q 5 4 0 . 6 0 3 1 6 0 . 5 P 7 1 6 * . B 7 * 2 1 3 . 0 1 7 2 2 3 . 4 S U L 6 N . O O 5 2 1 4 . 8 7 3 212 . 6 3 5 
3 0 1 . 3 * * 3 / 3 . 1 3 2 < » 6 0 . * 2 4 2 2 4 . 9 0 ? 2 2 7 . B 9 9 3 2 2 . 3 1 3 331 .46* < . 4 I . 5 3 3 2 6 8 . 3 3 1 3 0 3 . 1 2 9 
O 4 0 O . L « 2 3 4 4 . 5 0 6 1 2 4 8 . -«?U 9 0 T « . 7 ° 2 2 9 7 . 2 3 6 4 0 3 . B B B 3 9 1 . * 2 A 3 1 3 . 7 0 2 3 7 9 . 2 9 7 3 6 6 . 8 4 8 
/ 5 4 3 . 3 * 4 O 9 5 . 3 4 2 1 4 4 4 . " h o 4 0 3 9 7 . 2 * 1 4 7 N . O 2 B B I D . 1 7 4 4 7 D . 3 5 4 4 5 5 . * d 7 4 7 9 . 7 7 3 4 3 9 . 1 4 9 
J . •VEKAOE TFARIANCT 
U . O " * 9 . 2 R » L 3 0 . " ? • * 1 2 . 7 P 6 9 . 1 3 1 7 . 2 7 b D . 7 4 * 1 1 . 4 * 9 7 . 8 0 1 8 . 8 7 2 
1 7 . ^ 3 8 2 l . « 7 7 6 . 6 7 2 U . 3 7 0 5 . O B * 4 . O 3 O 6 . 0 4 7 7 . 2 2 4 5 . 9 7 7 
;> O . U " B 5 . B ° 9 B . ' J J 5 . 5 D 7 J . O O O B . S A O 4 . D 4 O 4 . 9 1 5 6 . 5 6 O 4 . 6 2 7 
4 . 2 * 3 4 . 7 5 6 5 , * 7 I 4 . 6 3 P 4 . O 6 3 5 . 1 4 B 4 , O 4 » 4 . 7 0 7 5 . 4 0 7 4 . 3 5 8 
4 4 . 2 ' * O 1 . 1 7 0 4 . 2 4 0 4 . 7 4 3 4 . 7 5 9 4 . 4 6 6 4 . 0 9 L 4 . 8 1 6 4 . 4 2 3 4 . 4 2 5 
J 4 . 1 6 * 4 . 2 2 5 3 . 6 8 0 4 . 6 ° 0 4 . B 8 B 4 . * O 3 4 . < : 2 O 4 . 5 9 9 4 . 3 9 0 4 . 3 1 2 
T> 4 . U 1 3 3 . 6 ( 1 3 3 . 5 P 1 4 . B 6 D 4 . 3 0 4 4 . 3 2 < 4 . 6 1 1 4 . 3 6 3 4 . 3 9 4 
/ 4 . 2 « 8 3 . 9 8 1 3 . 6 6 / ? . 6 ? 5 4 . 3 5 8 4 . 2 7 6 4 . 3 6 O 4 . 4 1 3 4 . 3 5 * 4 . 4 5 8 
BTTI U . AVFRAOC SDUAHI.0 B I A S 
u 3 l 3 i . d * 2 4 / 1 . 1 " 1 J 8 U 9 . T 2 J 2 5 7 9 . 3 7 0 9 9 2 . 0 4 4 1 3 2 9 . 3 6 0 4 6 7 . 4 6 B B O 1 . 0 7 7 3 6 9 . 6 0 * 5 6 9 . 0 4 3 
1 2 L 4 . 9 2 O 4 O & . 4 « 6 6 3 6 . " 7 J 4 5 5 . 3 5 9 3 9 1 . 2 8 4 4 1 3 . O 0 8 1 9 1 . 0 6 U H 5 R . 8 9 1 3 7 4 . 0 1 9 5 5 0 . 0 5 5 
* 2 6 . . . 3 " 3 4 1 6 . 9 5 6 J 1 3 0 . - » 2 * 4 6 5 . 3 8 5 3 4 * . 7 0 1 3 9 4 . B 0 7 221 .09* 3 1 5 . 0 5 4 2 6 7 . 6 0 0 2 6 7 . 3 7 2 J 2 6 9 . 7 « 9 B U 6 . O L ] 1 0 0 1 . 1 2 * 4 1 9 . 7 » 2 3 8 D . 2 2 1 2 5 2 . 3 2 6 2 3 3 . 1 0 * 3 5 5 . 9 7 7 2 3 9 . 0 3 2 3 3 1 . 1 0 2 
4 29O.B»<. - 2 4 5 . 6 ^ 5 8 0 7 . 6 1 U 4 2 9 . 5 4 6 4 2 7 . 9 7 7 3 3 2 . D 7 6 2 3 0 . O I L 3 9 2 . 4 3 3 2 6 1 . 0 1 3 3 6 4 . 7 1 7 
5 3 1 / . J * / * B 0 . 9 3 4 5 6 8 . 6 2 U 4 4 E . 0 5 4 4 6 4 . 6 8 * 2 5 5 . 9 7 4 2 5 0 . 1 4 * 4 5 4 . 4 4 4 2 8 3 . 0 3 1 3 0 2 . 5 4 2 
B 3 4 . . . O ? , ; 2 6 9 . 1 1 2 5 4 4 . R > 7 J 9 2 1 8 5 . 1 7 7 4 9 2 . 6 8 4 2 7 2 . 0 2 6 2 7 4 . 0 1 3 4 7 1 . 3 5 2 2 7 3 . 6 8 0 3 3 1 . 9 3 1 
7 2 9 3 . 1 4 9 2 U 1 . 5 H 6 5 4 2 . P 0 9 1 0 5 9 1 B . 7 4 1 2 7 4 . 1 3 0 2 9 6 . 8 7 6 299 .36A I B 7 . 2 O 9 3 0 0 . 9 8 5 3 6 5 . 4 1 7 
u . HIULMTLM MTAN b UUARE LRROK 
U 3 1 4 J . 4 " 4 4 7 9 . 4 7 2 B R 4 0 . K 5 * 2 5 9 2 . 1 1 6 1 0 0 1 . 1 7 5 1 3 3 6 . 0 3 6 4 7 4 . 7 0 A 5 1 2 . 5 0 6 3 9 7 . 4 0 3 5 7 7 . 9 1 5 
1 2 2 3 . 9 * 0 4 7 3 . 6 K 4 6 5 7 . 6 5 U 4 6 1 , 9°n 3 9 7 . 6 5 4 4 1 9 . 4 7 1 1 9 5 . 4 0 3 O 6 4 . 9 3 7 3 8 1 . 2 4 3 5 5 6 . 0 3 2 
2 6 / . 3 » O 4 * 2 . 5 5 5 3 1 3 B . " 4 B 4 7 0 . 9 * 2 3 4 7 . 7 0 1 4 0 0 . 0 0 7 2 2 5 . 7 4 W 3 1 9 . 9 6 9 2 7 4 . 1 9 4 2 7 1 . 9 9 9 
2 7 H . U 1 1 B 7 1 . 3 6 7 1 0 0 6 . 6 9 J 4 2 4 . J P O 3 9 ^ . 6 8 4 2 5 7 . - » 7 O 2 3 7 . 7 5 * 3 6 ( 1 . 6 0 4 2 4 4 . 4 3 9 3 3 5 . 4 6 0 
2 9 4 . 9 ' B 2 4 9 . 7 7 B P I I . ' S O 4 3 4 . 2 P 9 4 3 * . 7 3 O 3 3 7 . 3 6 * 2 4 3 . U C 3 9 7 . 2 O 9 2 6 5 . 4 3 A 3 6 9 . 1 4 3 
B * 5 5 . 1 5 « 5 7 ? . » 0 U 4 5 2 . 7 4 4 4 6 9 . 3 6 B 2 6 0 . * 3 7 2 6 2 . 3 6 3 4 5 9 . 0 4 3 2 8 7 . 4 2 1 3 0 6 . 8 5 4 
6 3 4 O . J » 9 * 7 3 . 1 ? 5 5 4 7 . P 7 u 9 2 1 4 4 , 6 7 7 4 9 7 . 2 5 2 2 7 7 . 1 3 0 2 7 0 . 3 3 / 4 7 s . 9 O 3 2 7 8 . 0 5 1 3 9 6 . 3 2 5 
/ 2 9 - * . J * . / < : O 5 . 4 L 7 5 4 O . 4 7 / 1 0 5 9 2 1 . 3 6 * 2 7 0 . 4 8 9 3 0 1 . 1 B * 3 0 3 . 7 * O * 9 T . 6 0 2 3 0 5 . 3 3 7 3 6 9 . 8 7 4 
B T . . , ' ' U . I»PROVTMFCNT HATIO 
1 .O^LI • 9 P H . 1 U . 1 7 6 . 3 9 4 . 3 1 1 • 4 0 A 1 . 3 0 0 . 9 5 0 . 9 6 1 
* . 0 * 3 . M 7 9 . ' 7 7 . 1 » " P . 3 4 3 . 2 9 6 . 4 6 4 . 6 2 0 . 6 8 3 . 4 6 5 J . I L * B 1 . 1 " ? . 1 7 L . 1 6 2 . 3 8 9 . 1 8 9 . 4 9 4 . 7 0 0 . 6 0 0 . 5 7 6 
4 . J ° 2 . 5 1 4 . 1 3U . 1 6 6 . 4 2 A . * 4 « . 3 0 3 . 7 7 1 . 6 6 * . 6 3 4 
B . 1 " 1 . 5 2 5 ,r9/ . 1 7 3 . 4 6 B . 1 9 1 . 3 4 U . 8 9 3 . 7 1 7 . 5 2 5 
B • l N 9 • B 6 3 . 0 9 3 3 K . 6 7 « > . 4 9 3 . 2 0 3 . 3 7 4 .9*6 . 6 9 3 . 5 7 6 
7 . 0 " J . 5 « 8 . T Q J ! » N,9UP • * 7 3 . * 2 1 . A 3 U . S O * . 7 6 * . 6 3 5 
• J T , . R . O . n • 'TWT^AIIO.I FUNCTION 
U F>. J 3 ? 1 2 . ° P * - > . 1 * 6 / . B 9 B 1 1 . 7 0 4 4 . 4 4 U B . 6 / * 8 . 4 7 * 5 . 5 9 5 
I J . 2 * " > 4 . ' J * 3 7 . " " 3 • ! . 4 7 E B . U 6 D 6 . 7 8 8 3 . 4 0 O 4 . 4 0 3 5 . 2 8 4 3 . 0 7 1 
<! 4 . O , 0 '•.')•* 1 4 7 ? . ? 4 H 5.B7e 4 . B 2 9 B . 0 3 9 * . / 4 A 4 . 1 9 1 4 . 3 3 7 3 . 3 6 9 
O 3 . Y = u O R I . L ( I „ 4 . 5 » 3 _ . ; > 6 B 3 . 9 8 7 * . 3 2 4 3 . 1 1 9 4 . 1 7 4 2 . 2 9 3 
LL.LLV* B ( J . " " £ 4 . 7 6 K J . O 5 3 3 . 4 9 O * . I T J W O O 2 . 5 2 D 2 . 2 0 8 
-> 1 . 7 V 5 7 . T O » . 9 ? 7 3 . 3 3 * 2 . I B O L . * * U ? . d 7 7 2 . 1 8 * 1 . 8 1 1 
O - . 1 1 ' I , ' ' .U '7 ^ . 3 6 2 * . 0 0 3 1 . 3 9 . 7 . 4 1 3 1 . 9 6 4 1 . 8 3 8 
I T . 2 ' U - , . U " 7 '>! . , " , U 6 4 6 2 . - , O . F L T > I . 3 4 O L . A B O 1 . 9 7 9 2 . 2 1 1 2 . 1 5 0 
Table 15. Experimental Design Data for N = 4 , k = 2 , M * 4 , 8 - / a = 2 0 
T E S T C A S E 1 2 3 4 5 6 7 8 9 1 0 
S T E P N O . D E T E R M I N A N T OF T H E ( X X ) M A T R I X 
0 .103 .300 .921 .e37 1 . 4 9 5 4 . 4 7 1 . 9 . 0 7 3 2.362 1 . 6 2 4 .833 
1 4.002 8 . 1 8 1 6 . 3 9 1 7.224 7 . 8 2 0 7 . 1 0 7 9 . 2 6 5 1 2 . 4 2 7 7 . 9 9 9 7 . 2 7 2 
2 7 . 3 4 6 1 1 . 4 3 1 2 1 . 2 5 B 1 4 . 4 4 1 1 1 . 5 4 3 8 . 9 8 9 1 2 . 1 2 6 1 6 . 7 8 1 1 2 . 0 8 8 1 6 . 5 3 9 
3 1 1 . 2 6 0 1 8 . 2 3 1 6 8 . 0 5 0 25.280 2 1 . 6 8 1 1 4 . 6 4 3 1 6 . 2 9 5 1 9 . 7 5 5 2 0 . 7 0 1 4 0 . 7 4 7 
4 1 5 . 0 4 2 2 6 . 2 6 4 9 2 . 6 8 9 3 7 . 7 9 1 3 1 . 1 4 9 2 3 . 1 7 4 2 4 . 0 3 9 2 4 . 4 6 8 2 8 . 8 9 0 4 9 . 5 1 0 
S T E P N O . A V E R A G E V A R I A N C E 
0 3 9 . 9 0 6 2 3 . 8 6 7 5 . 3 8 5 5 . 7 1 8 4 . 5 8 2 2 . 9 2 9 4 . 0 8 5 4 . 7 2 4 4 . 4 3 7 5 . 7 3 8 
1 3 . 8 0 7 3 . 0 7 6 3 . 6 4 7 3 . 6 0 1 3 . 1 9 6 3 . 1 8 3 2 . 8 6 4 2 . 6 1 1 3 . 0 9 5 3 . 5 9 9 
,; 3 . 7 3 3 3 . 2 9 1 2 . 7 0 3 3 . 2 5 2 3 . 1 3 0 3 . 5 3 9 3 . 1 5 2 2 . 8 0 8 3 . 2 6 5 3 . 1 7 2 
3 3 . 8 5 4 3 . 2 0 1 2 . 2 2 6 3 . . 2 9 3 . 0 6 1 3 . " . 4 5 3 . 3 2 0 3 . 0 9 9 3 . 0 7 5 2 . 4 9 8 
4 4 . 0 8 6 3 . 2 1 2 2 . 2 4 5 2 . 9 3 9 3 . 0 6 1 3 . 3 5 9 ^ . 3 0 8 3 . 2 9 5 3 . 1 1 9 2 . 6 5 3 
S T E P N O . A V E R A G E S Q U A R E D B I A S 
0 1 0 2 2 5 . 8 1 7 6 4 3 0 2 . 4 6 9 7 7 5 0 . 3 1 6 1 5 9 7 1 . 1 4 1 4 3 1 0 . 9 1 8 2 6 1 . 4 1 2 1 4 6 9 . 4 2 8 4 2 5 2 . 4 4 8 3 0 6 7 . 6 0 3 1 6 6 0 3 . 6 7 3 
1 7 3 8 . 3 7 1 3 2 4 . 4 4 0 3 6 3 . 2 4 3 5 1 9 . 8 7 4 5 4 5 . 6 9 0 3 3 2 . 3 3 0 3 1 2 . 1 8 7 3 4 9 . 7 0 6 5 2 6 . 9 5 3 5 3 1 . 4 5 4 
2 3 5 9 . 3 2 5 3 9 0 . 0 3 4 1 2 8 4 . 0 0 2 5 2 4 . 9 3 8 4 4 0 . 3 8 5 3 9 3 . 4 8 4 3 6 4 . 1 5 5 3 5 8 - 9 7 8 4 1 1 . 5 1 8 1 0 7 0 . 0 9 6 
3 4 7 1 . 5 3 5 3 7 5 . 1 5 3 1 2 4 9 . 5 4 9 4 8 7 . 9 6 5 5 1 9 . 9 9 4 4 0 1 . 0 0 8 4 5 1 . 5 7 6 4 1 1 . 8 5 7 5 0 0 . 6 8 0 6 4 6 . 6 0 5 
4 4 5 2 . 5 2 7 4 4 6 . 2 6 9 1 1 5 7 . 5 4 6 4 7 6 . 4 1 4 4 6 9 . 7 2 4 4 9 2 . 0 4 6 4 3 5 . 9 6 3 4 8 8 . 2 4 9 4 7 4 . 0 5 7 5 7 6 . 6 1 3 
S T E P N O . M I N I M U M MEAN S Q U A R E E R R O R 
0 1 0 2 6 5 . 7 2 3 6 4 3 2 6 . 3 3 6 7 7 5 5 . 7 0 0 1 5 9 7 6 . 7 5 9 4 3 1 5 . 5 0 0 2 6 4 . 3 4 1 1 4 7 3 . 5 1 3 4 2 5 7 . 1 7 2 3 0 7 2 . 0 4 0 1 6 6 0 9 . 4 1 1 
1 7 4 2 . 1 7 7 3 2 7 . 5 1 6 3 6 6 . 8 9 0 5 2 3 . 4 7 6 5 4 8 . 8 8 6 3 3 5 . 5 1 3 3 1 5 . 0 5 1 3 5 2 . 3 1 8 5 3 0 . 0 4 8 5 3 5 . 0 5 3 
2 3 6 3 . 0 5 7 3 9 3 . 3 2 5 1 2 8 6 . 7 0 5 5 2 8 . 1 8 9 4 4 3 . 8 1 5 3 9 7 . 0 2 3 3 6 7 . 3 0 7 3 6 1 . 7 8 5 4 1 4 . 7 8 3 1 0 7 3 . 2 6 8 
3 4 7 5 . 3 8 9 3 7 8 . 3 5 4 1 2 5 1 . 7 7 5 4 9 0 . 9 9 4 5 2 3 . 0 5 6 4 0 4 . 4 5 3 4 5 4 . 8 9 6 4 1 4 . 9 5 5 5 0 3 . 7 5 5 6 4 9 . 1 0 3 
4 4 5 6 . 6 1 4 4 4 9 . 4 8 1 1 1 5 9 . 7 9 1 4 7 9 . 3 5 3 4 7 2 . 7 8 4 4 9 5 . 4 0 5 4 3 9 . 2 7 1 4 9 1 . 5 4 4 4 7 7 . 1 7 6 5 8 1 . 4 6 6 
S T E P N O . I M P R O V E M E N T R A T I O 
1 . 0 7 2 . 0 0 5 . 0 4 7 . 0 3 3 . 1 2 6 1 . 2 7 2 . 2 1 2 . 0 8 2 . 1 7 2 . 0 3 2 
2 . 0 3 5 . 0 0 6 . 1 6 5 . J 3 3 . 1 0 2 1 . 5 0 8 . 2 4 7 . 0 8 4 . 1 3 4 . 0 6 4 
3 . 0 4 6 . 0 0 6 . 1 6 1 . U 3 0 . 1 2 0 1 . 5 3 6 . 3 0 7 . 0 9 7 . 1 6 3 . 0 3 9 
4 . 0 4 4 . 0 0 7 . 1 4 9 . 0 3 0 . 1 0 9 1 . 8 8 4 . 2 9 6 . 1 1 5 . 1 5 4 . 0 3 5 
S T E P N O . M I N I M I Z A T I O N F U N C T I O N 
0 1 . 0 7 5 2 . 8 7 4 5 . 6 7 6 7 . 9 2 1 4 . 4 0 5 1 . 0 7 2 2 . 2 4 2 3 . 0 4 9 3 . 5 6 6 8 . 0 6 4 
1 . 5 9 5 1 . 1 4 5 2 . 6 6 8 4 . C 9 7 1 . 9 4 4 . 7 9 8 . 5 5 3 1 . 0 8 5 1 . 4 3 0 4 . 1 9 1 
2 . 6 2 3 . 9 4 5 2 1 . 1 7 5 3 . 0 0 5 1 . 4 5 8 . 9 2 6 . 4 0 5 . 6 5 8 1 . 0 1 4 7 . 5 6 8 
3 . 7 5 2 . 8 6 8 5 3 . 5 6 3 1 . 9 0 8 . 7 5 9 1 . 0 1 2 . 5 1 1 . 5 8 9 . 5 1 7 2 . 2 0 6 
4 1 . 1 1 6 . 6 0 9 1 3 . 3 0 4 1 . 2 4 0 . 4 6 3 . 8 2 7 . 4 5 4 . 7 3 9 . 3 3 6 1 . 3 9 0 
Table 16. Experimental Design Data for N=5, k=2, M=5, 3^/0=20 
T E S T C A S E 1 2 3 4 5 6 7 8 9 1 0 
i T E P N O . D E T E R M I N A N T O F T H E ( X X ) M A T R I X 
0 7 . 5 7 7 6 . 0 2 3 4 . 3 8 1 4 . 9 5 7 7 . 6 4 7 8 . 3 6 7 6 . 7 3 8 6 - 0 3 7 5 . 7 7 6 6 . 8 0 9 
1 1 5 . 4 9 1 1 7 . 2 8 1 1 0 . 3 9 3 2 1 . 6 6 5 1 5 . 8 6 2 1 4 . 1 5 6 1 2 . 0 9 6 1 7 . 0 5 4 1 3 . 4 2 6 1 0 . 5 3 4 
I 2 3 . 4 1 0 2 1 . 2 9 3 2 7 . 3 6 9 2 8 . 4 9 7 2 3 . 8 2 3 1 7 . 8 8 4 1 6 . 5 2 3 2 0 . 1 3 7 1 5 . 9 3 4 1 6 . 9 2 6 
3 3 0 . 1 5 4 2 5 . 6 2 4 4 2 . 1 6 5 3 4 . U 1 5 3 0 . 5 6 0 2 2 . 2 6 8 2 4 . 1 6 5 2 8 . 9 1 5 2 4 . 5 5 5 2 3 . 3 8 1 
4 3 8 . 9 6 9 3 5 . 8 9 0 5 6 . 8 4 9 4 5 . n i l 3 9 . 5 0 6 3 0 . 2 2 0 3 2 . 3 9 9 4 0 . 2 0 5 3 3 . 5 5 2 3 1 . 2 4 2 
b 4 9 . 5 8 2 5 0 . 1 5 3 7 2 . 2 2 3 6 4 . 6 9 6 5 0 . 3 6 3 4 1 . 4 9 6 4 5 . 5 0 5 4 9 . 5 5 8 4 3 . 4 4 1 4 3 . 4 5 4 
S T E P N O . A V E R A G E V A R I A N C E 
0 3 . 1 6 8 3 . 3 2 b 4 . 4 1 1 3 . 6 5 5 3 . 1 5 8 2 . 9 4 8 W 5 A 3 . 8 6 6 3 . 3 7 8 3 . 2 5 9 
1 2 . 9 4 6 2 . 8 1 5 4 . 1 8 6 2 . 6 6 0 2 . 9 2 4 2 . 9 6 5 3 . 1 4 4 2 . 8 5 7 3 . 0 4 9 3 . 3 4 5 
2 2 . 9 4 7 3 . 0 7 4 3 . 0 1 0 2 . B 6 1 2 . 9 3 2 3 . 1 9 5 3 . 2 9 0 3 . 1 5 3 3 . 3 6 7 3 . 2 6 4 
3 3 . 0 8 b 3 . 3 0 4 2 . 8 9 0 3 . C 9 5 3 . 0 7 5 3 . 3 9 9 3 . 3 0 9 3 . 1 3 8 3 . 2 8 7 3 . 3 4 0 
4 3 . 1 7 1 3 . 2 7 b 2 . 8 8 9 3 . 1 3 4 3 . 1 5 8 3 . 4 6 1 3 . 3 8 9 3 . 1 3 5 3 . 3 3 3 3 . 4 2 2 
3 3 . 2 4 6 3 . 2 3 3 2 . 9 3 3 3 . 0 1 5 3 . 2 2 9 3 . 4 8 4 3 . 3 4 4 3 . 2 4 7 3 . 4 0 1 3 . 4 1 3 
S T E P N O . A V E R A G E S Q U A R E D B I A S 
0 1 0 7 8 . 5 6 2 1 7 3 3 . 6 4 5 5 6 4 . 8 3 3 5 4 9 9 . 8 0 2 1 1 4 6 . 1 4 3 3 0 8 . 2 3 5 2 8 5 . 6 0 9 6 5 3 . 9 4 4 5 9 4 . 9 5 8 2 7 5 . 1 2 8 
1 3 9 7 . 3 0 0 3 6 3 . 0 9 0 9 3 6 . 2 8 5 5 6 3 . B 3 5 4 0 5 . 1 5 6 3 2 9 . 0 3 7 3 4 3 . 0 4 4 3 2 9 . 5 4 7 3 0 3 . 7 5 2 3 5 6 . 6 8 5 
2 4 4 5 . 9 5 4 3 7 4 . 8 1 6 4 4 2 . 7 8 1 5 2 9 . 2 1 1 4 5 0 . 4 5 2 3 8 2 . 7 5 1 4 1 1 . 3 8 2 3 5 4 . 8 2 5 3 6 4 . 5 2 8 3 8 7 . 3 6 1 
3 4 4 9 . 9 1 1 4 1 1 . 6 4 5 4 2 7 . 3 9 2 5 0 3 . 6 0 8 4 5 3 . 9 2 2 4 5 9 . 6 5 0 4 3 3 . 9 9 4 4 0 3 . 1 7 4 4 2 5 . 2 2 6 4 4 1 . 2 1 7 
4 5 1 6 . 2 6 7 4 6 7 . 5 9 3 4 9 6 . 4 5 5 5 0 4 . 7 0 7 5 1 8 . 9 6 3 4 8 7 . 7 9 6 4 7 6 . 1 4 8 4 5 4 . 9 0 7 4 6 8 . 6 4 8 4 9 5 . 9 0 0 
5 5 4 4 . 9 1 6 5 2 1 . 8 0 0 5 1 9 . 4 1 0 5 3 7 . 6 4 1 5 4 4 . 9 6 6 5 3 9 . 1 5 4 5 5 6 - 9 3 1 5 1 0 . 2 1 3 5 3 6 . 7 4 7 5 1 6 . 6 6 3 
S T E P N O . M I N I M U M MEAN S Q U A R E E R R O R 
0 1 0 8 1 . 7 3 0 1 7 3 6 . 9 7 3 5 6 9 . 2 4 4 5 5 0 3 . 4 5 7 1 1 4 9 . 3 0 1 3 1 1 . 1 8 2 2 8 8 . 8 6 7 6 5 7 . 8 1 0 5 9 8 . 3 3 6 2 7 8 . 3 8 7 
1 4 0 0 . 2 4 6 3 6 5 . 9 0 5 9 4 0 . 4 7 0 5 6 6 . 4 9 5 4 0 8 . 0 8 1 3 3 2 . 0 0 2 3 4 6 . 1 8 8 3 3 2 . 4 0 4 3 0 6 . 8 0 1 3 6 0 . 0 3 0 
2 4 4 8 . 9 0 0 3 7 7 . 8 9 0 4 4 5 . 7 9 1 5 3 2 . 0 7 2 4 5 3 . 3 8 4 3 8 5 . 9 4 6 4 1 4 . 6 7 ? 3 5 7 . 9 7 8 3 6 7 . 8 9 5 3 9 0 . 6 2 5 
3 4 5 2 . 9 9 6 4 1 4 . 9 4 9 4 3 0 . 2 8 3 5 0 6 . 7 0 3 4 5 6 . 9 9 7 4 6 3 . 0 4 8 4 3 7 . 3 0 3 4 0 6 . 3 1 3 4 2 8 . 5 1 3 4 4 4 . 5 5 7 
4 5 1 9 . 4 3 7 4 7 0 . 8 6 8 4 9 9 . 3 4 5 5 o 7 . e 4 1 5 2 2 . 1 2 1 4 9 1 . 2 5 7 4 7 9 . 5 3 7 4 5 8 . 0 4 2 4 7 1 . 9 8 1 4 9 9 , 3 2 2 
b 5 4 8 . 1 6 2 5 2 5 . 0 3 3 5 2 2 . 3 4 3 5 4 0 . 6 5 6 5 4 8 . 1 9 6 5 4 2 . 6 3 8 5 6 0 . 2 7 5 5 1 3 . 4 5 9 5 4 0 . 1 4 8 5 2 0 . 0 7 6 
S T E P N O . I M P R O V E M E N T R A T I O 
1 . 3 6 8 . 2 0 9 1 . 6 5 6 . 1 3 2 . 3 5 3 1 . 0 6 7 1 . 2 0 1 . 5 0 2 . 5 1 0 1 . 2 9 7 
2 . 4 1 3 . 2 1 b . 7 8 1 . ( 9 6 . 3 9 2 1 . 2 4 2 1 . 4 4 0 . 5 4 1 . 6 1 2 1 . 4 0 8 
3 . 4 1 6 . 2 3 7 . 7 5 4 . 0 9 1 . 3 9 5 1 . 4 9 3 1 . 5 1 9 . 6 1 5 . 7 1 4 1 . 6 0 3 
4 . 4 7 8 . 2 6 9 . 8 7 6 . C 9 2 . 4 5 2 1 . 5 8 4 1 . 6 6 7 . 6 9 4 . 7 8 7 1 . 8 0 2 
b . 5 0 5 . 3 0 0 . 9 1 6 . ( 9 8 . 4 7 5 1 . 7 5 1 1 . 9 4 9 . 7 7 8 . 9 0 1 1 . 8 7 7 
S T E P N O . M I N I M I Z A T I O N F U N C T I O N 
j 2 . 2 3 5 2 . 9 6 5 8 . 3 8 5 7 . 1 2 2 2 . 3 7 8 . 6 9 3 1 . 0 1 3 2 . 2 3 t 1 . 7 1 9 . 8 5 4 
1 1 . 1 0 9 . 6 9 9 6 . 0 1 7 2 . 9 4 0 1 . 1 6 9 . 2 0 7 . 6 5 5 . 7 9 4 . 5 8 4 . 7 7 2 
2 . 5 7 9 . 4 2 5 4 . 5 0 1 1 . 9 9 4 . 6 2 2 . 2 0 9 . 6 5 6 . 6 4 2 . 6 7 1 . 5 5 9 
3 . 4 3 1 . 4 6 9 3 . 3 6 1 1 . 4 9 8 . 4 5 6 . 4 0 3 . 7 7 4 . 5 1 9 . 6 3 7 . 7 0 2 
4 . 3 5 3 . 4 4 0 2 . 6 8 4 1 . 2 4 8 . 3 6 3 . 5 9 4 . 7 4 0 . 2 0 0 . 4 8 7 . 7 6 8 
5 . 4 3 7 . 3 4 7 2 . 0 8 3 . 6 9 4 . 4 2 5 . 7 1 3 . 7 0 4 . 3 5 8 . 7 5 6 . 9 1 1 
Table 17. Experimental Design Data for N=8, k=2, M«5, 3 i-/^ a 520 
T E S T C A S E 1 2 3 4 5 6 7 8 9 1 0 
S T E P N O . D E T E R M I N A N T O F T H E ( X X ) M A T R I X 
0 2 7 . 0 2 2 3 9 . 5 8 6 4 6 . 2 4 3 3 6 . i 7 9 3 1 . 2 4 9 3 5 . 0 8 4 3 1 . 4 3 0 1 2 . 7 3 3 2 5 . 3 7 0 1 8 . 9 4 0 
1 3 7 . 7 8 9 7 1 . 7 4 2 6 4 . 2 8 b 5 5 . 6 6 4 4 4 . 0 5 1 6 0 . 8 3 0 4 4 . 4 8 2 4 2 . 7 6 1 5 1 . 2 1 8 3 2 . 3 7 3 
2 1 * 7 . 7 2 2 8 2 . 0 6 5 7 3 . 1 8 1 8 1 . 1 2 2 5 3 . 1 1 3 7 0 . 8 2 9 5 4 . 5 4 4 6 0 . 3 8 3 6 3 . 8 8 6 4 6 . 4 7 2 
J b b . 0 7 4 9 1 . 5 5 1 6 0 . 5 0 6 1 0 3 . 4 7 7 6 8 . 7 2 0 7 8 . 2 7 1 7 2 . 2 0 3 8 4 . 9 6 6 8 3 . 1 2 6 6 0 . 7 2 1 
4 0 9 . 8 4 9 1 0 5 . 8 9 6 9 7 . 5 4 3 1 1 4 . 6 1 4 9 0 . 1 0 1 9 0 . B 5 0 B O . 7 9 3 1 1 0 . 5 5 8 1 0 4 . 8 9 4 8 5 . 4 1 6 
5 1 1 5 . 3 7 4 1 3 4 . 8 3 7 1 2 1 . 8 8 6 1 2 4 . 4 4 7 1 0 7 . 9 3 7 1 0 8 . 7 7 4 1 0 7 . 0 0 7 1 3 3 . 8 6 3 1 2 5 . 7 3 7 1 0 4 . 9 B 1 
S T E P N O . A V E R A G E V A R I A N C E 
J 3 . 1 8 0 2 . 6 6 1 2 . 7 4 3 2 . 8 8 6 3 . 0 3 5 2 . 9 5 1 3 . 0 2 9 4 . 3 1 4 3 . 2 6 2 3 . 7 2 5 
1 3 . 1 9 9 2 . 6 3 1 2 . 7 2 2 2 . 8 5 3 3 . 0 6 7 2 . 7 3 6 *. 0 6 9 3 . 1 5 3 2 . 9 2 1 3 . 3 9 7 
3 . 2 9 0 2 . 7 9 1 2 . 8 8 5 2 . 7 8 4 3 . 1 9 1 2 . 8 8 3 3 . 1 6 9 3 . 1 3 0 3 . 0 2 9 3 . 3 5 2 
3 3 . 2 7 0 2 . 9 5 B 3 . 0 7 4 2 . 8 0 5 3 . 2 0 5 3 . 0 6 7 3 1 5 2 3 . 0 3 2 3 . 0 2 7 3 . 3 5 9 
4 3 . 1 9 5 3 . 0 6 3 3 . 1 2 9 2 . " 5 1 3 . 1 9 1 3 . 1 8 2 3 . 1 9 3 3 . 0 0 2 3 . 0 4 0 3 . 2 4 9 
5 3 . 1 8 4 3 . 0 3 5 3 . 1 3 0 3 . 1 1 3 3 . 2 6 3 3 . 2 4 7 3 . 2 6 8 3 . 0 3 9 3 . 0 9 3 3 . 2 9 2 
S T E P N O . A V E R A G E S Q U A R E D B I A S 
J 6 0 1 . 0 8 1 7 2 8 . 8 4 9 6 3 1 . 8 1 5 4 5 4 . 2 5 2 5 0 8 . 4 3 9 7 4 5 . 4 8 9 5 6 6 8 6 8 3 3 5 6 . 7 7 0 8 6 0 . 9 2 5 5 2 2 . 0 5 0 
1 7 2 9 . 8 2 1 5 8 3 . 1 5 9 5 8 2 . 9 0 3 5 4 7 . 1 1 6 5 1 8 . 1 6 5 6 8 2 . 7 3 8 5 4 2 3 7 8 5 1 1 . 4 3 6 4 8 4 . 4 3 4 5 4 1 . 0 3 9 
2 8 3 0 . 2 2 7 5 7 4 . 7 6 8 5 7 9 . 1 9 2 5 9 1 . 8 5 7 5 7 8 . 8 6 1 7 2 0 . 3 0 3 5 8 7 6 6 2 5 4 0 . 4 9 5 5 1 3 . 0 7 4 5 3 1 . 1 3 6 
3 9 4 3 . 7 2 1 5 9 1 . 1 8 9 6 0 1 . 2 9 7 6 2 9 . 3 5 2 6 6 5 . 0 8 6 7 9 0 . 7 2 9 6 8 0 1 5 2 6 6 5 . 4 4 3 5 5 8 . 9 2 2 6 0 6 . 6 0 3 
4 6 t » 3 . 9 1 7 6 2 0 . 6 9 6 6 2 9 . 4 3 7 6 5 4 . 1 6 1 6 3 4 . 2 7 6 8 0 3 . 0 4 6 6 8 7 5 2 5 6 8 3 . 6 4 6 6 0 1 . 5 7 4 6 2 5 . 6 7 7 
b 7 4 9 . 2 5 2 6 9 7 . 2 4 5 6 8 8 . 1 6 2 6 9 7 . 7 3 5 7 0 1 . 6 3 8 8 8 8 . 8 8 5 7 7 0 7 7 9 7 5 7 . 3 5 4 6 5 1 . 3 6 2 6 7 6 . 7 8 5 
S T E P N O . M I N I M U M MEAN S Q U A R E E R R O R 
0 6 0 4 . 2 6 1 7 3 1 . 7 1 0 6 3 4 . 5 5 8 4 5 7 . 1 3 7 5 1 1 . 4 7 5 7 4 8 . 4 4 0 5 6 9 . 8 9 7 3 3 6 1 . 0 8 4 8 6 4 . 1 8 7 5 2 5 . 7 7 5 
1 7 3 3 . 0 2 1 5 6 5 . 7 8 9 5 8 5 . 6 2 5 5 4 9 . 9 6 9 5 2 1 . 2 3 2 6 8 5 . 4 7 4 5 4 5 4 4 7 5 1 4 . 5 9 0 4 8 7 . 3 5 5 5 4 4 . 4 3 6 
2 8 3 3 . 5 1 8 5 7 7 . 5 5 8 3 8 2 . 0 7 7 5 9 4 . 6 4 1 5 8 2 . 0 5 2 7 2 3 . 1 8 6 5 9 0 8 3 1 5 4 3 . 6 2 5 5 1 6 . 1 0 3 5 3 4 . 4 8 8 
3 9 4 6 . 9 9 1 5 9 4 . 1 4 7 6 0 4 . 3 7 1 6 3 2 . 1 5 7 6 6 8 . 2 9 1 7 9 3 . 7 9 6 6 8 3 3 0 4 6 6 8 . 4 7 5 5 6 1 . 9 5 0 6 0 9 . 9 6 3 
6 6 7 . 1 1 2 6 2 3 . 7 5 9 6 3 2 . 5 6 6 6 5 7 . 1 1 2 6 3 7 . 4 6 7 8 0 6 . 2 2 8 6 9 0 7 1 9 6 8 6 . 6 4 8 6 0 4 . 6 1 4 6 2 8 . 9 2 5 
b 7 5 2 . 4 3 6 7 0 0 . 2 8 0 6 9 1 . 2 9 2 7 0 0 . 8 4 8 7 0 4 . 9 0 2 8 9 2 . 1 3 2 7 7 4 0 4 6 7 6 0 . 3 9 4 6 5 4 . 4 5 5 6 8 0 . 0 7 7 
S T E P N O . I M P R O V E M E N T R A T I O 
1 1 . 2 1 4 . 7 9 9 . 9 2 2 1 . 2 0 5 1 . 0 1 9 . 9 1 5 9 5 7 . 1 5 2 . 5 6 2 1 . 0 3 6 
2 1 . 3 8 2 . 7 8 8 . 9 1 6 1 . 3 0 3 1 . 1 3 9 . 9 6 6 1 0 3 7 . 1 6 1 . 5 9 5 1 . 0 1 6 
3 1 . 5 7 0 . 8 1 0 . 9 5 2 1 . 3 3 5 1 . 3 0 8 1 . 0 6 0 1 2 0 0 . 1 9 8 . 6 4 8 1 . 1 6 1 




1 . 2 4 6 . 9 5 6 1 . 0 8 9 1 . 5 3 6 1 . 3 8 0 1 . 1 9 2 1 . 3 6 0 . 2 2 5 . 7 5 5 1 . 2 9 5 
S T E P N O . M I N I M I Z A T I O N F U N C T I O N 
• 1 . 7 7 7 5 . 4 3 9 1 . 8 8 6 4 . 7 4 7 1 . 0 2 6 3 . 2 7 7 1 3 1 6 8 . 7 4 1 4 . 7 8 9 1 . 7 0 8 
1 1 . 6 4 7 2 . 6 2 3 1 . 0 6 9 3 . 3 8 9 . 5 8 9 1 . 4 8 7 7 5 0 3 . 4 9 9 1 . 5 9 8 1 . 1 1 2 
2 1 . 8 5 1 1 . 9 1 0 • 6 5 b 2 . 2 1 6 . 6 0 7 1 . 1 2 9 7 5 0 2 . 4 1 1 1 . 0 1 3 . 9 6 2 
3 1 . 6 9 7 1 . 5 0 9 . 5 2 0 1 . 5 4 9 . 5 9 5 1 . 0 7 4 5 4 0 1 . 4 7 4 . 5 9 1 1 . 0 0 6 
4 1 . 1 6 5 1 . 3 5 1 . 5 7 7 1 . 2 9 2 . 5 4 5 1 . 2 3 3 5 3 5 . 9 9 e . 2 5 8 . 6 3 2 
b . 9 4 1 . 9 2 8 . 3 4 3 1 . 3 0 4 . 6 0 9 1 . 2 7 2 6 7 9 . 6 5 3 . 1 5 3 . 6 7 5 
T A B L E 1 8 . E X P E R I M E N T A L D E S I G N D A T A F O R N = 6 , K - 3 , M * 4 , $J . / A » 2 0 
T E S T C A S E 1 2 3 1 * 5 6 7 8 9 1 0 
S T E P N O . D E T E R M I N A N T OF T H E <X X> M A T R I X 
0 . 4 4 3 . 4 2 1 . 5 1 3 1 . 5 4 5 . 0 5 2 . 3 6 5 . 0 9 7 . 0 3 8 . 0 6 9 1 . 7 3 3 
1 1 1 . 2 1 9 3 . 2 2 2 3 . 8 9 3 7 . 3 2 9 . 8 1 6 3 . 4 5 9 . 7 1 0 . 1 5 9 . 8 9 2 3 1 . 7 2 9 
s 1 8 . 2 7 7 1 1 . 7 1 0 2 5 . 5 4 5 1 0 . 3 0 5 5 . 8 0 8 6 . 4 4 5 1 3 . 7 9 5 6 . 5 1 0 4 . 5 7 0 4 7 . 6 9 9 
3 3 2 . 7 9 9 2 6 . 0 5 9 5 0 . 6 6 4 2 2 . 4 9 2 1 9 . 5 9 4 1 0 . 9 6 1 3 5 . 2 5 f t 1 5 . 1 7 4 1 9 . 1 3 8 6 7 . 1 4 7 
4 4 7 . 5 3 1 4 0 . 3 5 8 7 0 . 2 7 8 4 8 . L 1 2 4 0 . 5 4 4 2 9 . 7 5 7 5 1 . 7 1 5 3 1 . 3 8 7 4 2 . 5 8 6 9 2 . 1 7 0 
S T E P N O . A V E R A G E V A R I A N C E 
J 2 4 . 6 5 0 1 1 . 9 3 0 3 0 . 8 7 4 7 . 9 7 0 3 5 . 2 1 5 1 5 . 3 6 4 8 3 . 3 0 5 6 9 . 4 8 2 3 2 . 6 2 9 1 1 . 1 9 5 
1 4 . 9 9 1 8 . 9 6 7 1 1 . 9 4 9 6 . 7 4 3 1 8 . 8 1 1 7 . 0 0 8 3 7 . 8 7 9 7 4 . 1 4 4 1 7 . 5 3 3 3 . 6 9 0 
2 4 . 9 0 9 5 . 6 7 0 4 . 6 1 2 7 . 3 7 4 8 . 2 7 1 6 . 9 6 4 5 . 5 9 0 7 . 2 2 7 1 0 . 0 5 1 3 . 8 5 4 
3 4 . 5 7 5 4 . 9 6 8 4 . 1 1 4 6 . 1 6 1 5 . 7 4 7 7 . 1 6 1 4 . 5 6 7 6 . 5 4 9 5 . 9 7 5 3 . 9 9 5 
. 4 . 6 1 4 4 . 8 5 8 4 . 1 7 7 4 . 9 6 2 4 . 9 6 1 5 . 2 7 2 4 . 6 1 7 5 . 5 2 9 4 . 9 3 0 4 . 0 6 2 
S T E P N O . A V E R A G E S Q U A R E D B I A S 
0 4 9 7 1 2 . 5 6 2 7 3 3 2 . 5 0 8 1 4 1 9 . 6 6 b 2 3 3 0 . 8 7 7 7 1 7 3 . 6 1 6 3 0 8 4 . 0 8 4 6 5 9 3 . 7 5 2 2 5 4 6 . 8 8 8 5 5 1 9 . 6 2 1 1 2 2 5 9 9 . 9 5 4 
1 9 2 2 . 3 8 7 1 1 4 6 , 4 2 4 7 8 6 3 . 9 4 3 5 3 9 . 8 3 7 9 8 2 . 2 3 1 B 6 7 . 7 2 0 3 1 1 7 1 . 8 7 7 1 4 7 0 6 . 8 6 6 1 3 7 3 . 3 2 1 B 6 8 . 4 6 0 
2 1 0 6 3 . 8 6 8 1 0 5 3 . 0 9 2 8 0 5 . 3 5 b 6 4 7 . 8 8 3 1 7 3 5 . 9 0 5 8 7 4 . 8 4 1 9 4 3 . 7 5 0 1 0 4 5 . 3 2 0 2 2 1 8 . 6 1 7 7 7 4 . 5 4 8 
3 1 2 2 4 . 5 1 0 1 2 3 1 . 0 6 2 1 0 6 2 . 1 1 4 8 1 6 . 4 0 7 1 1 9 9 . 3 3 9 6 0 6 . 2 2 3 9 6 8 . 6 2 7 8 4 9 . 8 8 8 1 4 8 6 . 2 0 1 7 9 5 . 4 9 5 
4 1 3 4 2 . 9 6 4 8 3 5 . 9 9 0 1 0 3 9 . 8 6 7 9 0 2 . 3 4 3 8 0 2 . 8 9 4 7 4 9 . 4 4 6 1 0 2 1 . 2 2 6 8 1 6 . 9 6 8 8 4 6 . 5 4 4 7 7 5 . 2 2 2 
S T E P N O . M I N I M U M MEAN S Q U A R E E R R O R 
0 4 9 7 3 7 . 2 1 2 7 3 4 4 . 4 3 7 1 4 5 0 . 5 4 0 2 3 3 8 . 8 4 6 7 2 0 8 . 8 3 1 3 0 9 9 . 4 4 8 6 6 7 7 . 0 5 7 2 6 1 6 . 3 7 0 5 5 5 2 . 2 5 0 1 2 2 6 1 1 . 1 4 8 
1 9 2 7 . 3 7 8 1 1 5 5 . 3 9 0 7 8 7 5 . 8 9 2 5 4 6 . 5 8 0 1 0 0 1 . 0 4 2 8 7 4 . 7 2 8 3 1 2 0 9 . 7 5 7 1 4 7 8 1 . 0 1 0 1 3 9 0 . 8 5 4 8 7 2 . 1 5 0 
2 1 0 6 8 . 7 7 7 1 0 5 8 . 7 6 2 8 0 9 . 9 6 8 6 5 5 . 2 5 7 1 7 4 4 . 1 7 6 8 8 1 . 8 0 5 9 4 9 . 3 4 0 1 0 5 2 . 5 4 6 2 2 2 8 . 6 6 8 7 7 8 . 4 0 3 
3 1 2 2 9 . 0 8 6 1 2 3 6 . 0 2 9 1 U 6 6 . 2 2 7 8 2 2 . 4 6 7 1 2 0 5 . 0 8 6 6 1 3 . 3 8 4 9 7 3 . 1 9 3 8 5 6 . 4 3 7 1 4 9 2 . 1 7 7 7 9 9 . 4 8 0 
4 1 3 4 7 . 5 7 8 8 4 0 . 8 4 8 1 0 4 4 . 0 4 4 9 Q 7 . 3 0 5 8 0 7 . 8 5 5 7 5 4 . 7 1 9 1 0 2 5 . 8 4 3 8 2 2 . 4 9 7 8 5 1 . 4 7 3 7 7 9 . 2 8 4 
S T E P N O . I M P R O V E M E N T R A T I O 
1 . 0 1 9 . 1 5 7 5 . 4 4 5 . 2 3 2 . 1 3 8 . 2 8 1 4 . 6 7 7 5 . 6 5 4 . 2 5 0 . 0 0 7 
2 . 0 2 1 . 1 4 4 . 5 5 7 . 2 7 9 . 2 4 1 . 2 8 3 . 1 4 1 . 4 0 1 . 4 0 1 . 0 0 6 
3 . 0 2 5 . 1 6 8 . 7 3 4 . 3 5 0 . 1 6 7 . 1 9 6 . 1 4 5 . 3 2 6 . 2 6 8 . 0 0 6 
4 . 0 2 7 . 1 1 4 . 7 1 8 . 3 6 6 . 1 1 1 . 2 4 2 . 1 5 3 . 3 1 3 . 1 5 2 . 0 0 6 
S T E P N O . M I N I M I Z A T I O N F U N C T I O N 
0 3 . 7 1 8 5 . 2 4 2 6 . 3 3 0 9 . ( 6 9 5 . 0 2 8 2 . 6 0 1 5 . 3 3 0 5 . 8 1 0 5 . 3 2 7 1 3 . 0 1 0 
1 1 . 9 9 5 2 . 8 0 1 4 . 8 0 6 4 . 5 5 5 3 . 5 0 8 1 . 8 0 8 3 . 4 6 4 3 . 0 5 0 3 . 6 7 5 7 . 7 0 5 
2 1 . 9 8 0 2 . 6 6 5 3 . 7 9 5 3 . P B 6 3 . 2 3 1 2 . 2 6 2 2 . 9 6 6 2 . 6 4 3 3 . 4 8 7 6 . 0 8 7 
3 1 . 7 4 6 1 . 8 7 0 3 . 0 5 2 3 . 3 1 8 2 . 7 0 2 2 . 2 1 2 1 . 9 3 « 1 . 8 4 5 2 . 8 8 3 5 . 1 0 0 
4 1 . 8 2 7 1 . 6 3 0 2 . 8 0 2 2 . 7 1 7 2 . 2 1 1 2 . 1 0 0 1 . 7 8 ? 2 . 0 1 1 2 . 3 3 5 4 . 1 5 8 
Table 19. Experimental Design Data for N = 8 , k*3, M = 5 , eA./a=20 
T E S T C A S E 1 2 3 4 5 6 7 8 9 1 0 
S T E P N O . D E T E R M I N A N T O F T H E <X X ) M A T R I X 
0 4 . 4 7 4 9 . 4 3 1 8 . 9 3 b 1 8 . 1 6 9 1 8 . 3 8 5 7 . 6 0 5 1 7 . 0 2 1 4 . 9 7 7 2 . 8 9 5 1 . 3 3 0 
1 2 3 . 2 1 6 4 4 . 2 0 5 2 9 . 4 1 4 6 8 . r 7 7 7 6 . 7 3 5 4 1 . 5 5 1 7 4 . 2 7 3 1 9 . 3 5 8 1 3 . 4 9 3 7 . 3 3 6 
2 5 3 . 3 9 6 7 2 . 3 2 5 6 0 . 6 5 5 9 5 . 7 6 6 1 1 0 . 6 1 9 5 6 . 5 1 8 1 0 8 . 0 6 8 4 7 . 3 6 8 4 2 . 5 3 2 1 8 . 9 4 2 
3 8 6 . 7 3 1 1 0 8 . 9 3 8 1 4 8 . 7 7 8 1 3 0 . 8 0 7 1 4 6 . 6 4 1 9 8 . 2 3 7 1 4 4 . 5 6 8 8 2 . 4 1 3 7 7 . 7 7 7 3 6 . 2 7 3 
4 1 1 2 . 5 3 0 1 3 8 . 9 6 8 1 7 8 . 6 2 7 1 6 3 . 1 9 2 1 8 0 . 6 4 6 1 4 8 . 8 3 0 1 7 8 . 2 1 5 1 0 5 . 8 4 6 1 0 2 . 4 1 4 7 4 . 2 1 7 
5 1 4 6 . 5 5 2 1 8 0 . 4 9 0 2 3 2 . 4 3 1 1 9 2 . 3 1 2 2 0 8 . 1 9 9 1 8 6 . 1 4 4 2 0 4 . 4 5 8 1 3 8 . 0 5 5 1 5 8 . 1 4 8 1 0 0 . 1 5 0 
S T E P N O . A V E R A G E V A R I A N C E 
0 8 . 6 4 4 6 . 6 3 8 6 . 4 2 1 5 . 1 8 0 5 . 2 2 6 7 . 3 6 4 5 . 3 7 6 7 . 7 9 7 9 . 0 1 0 1 3 . 4 5 8 
1 5 . 5 5 5 4 . 4 3 4 5 . 5 7 0 3 . 8 5 1 3 . 7 6 2 4 . 6 4 7 3 . 8 0 0 5 . 9 9 2 7 . 5 0 7 7 . 2 2 9 
2 4 . 5 7 8 4 . 2 8 6 4 . 7 4 0 3 . 8 9 9 3 . 7 7 6 4 . 7 6 1 3 . 8 1 3 4 . 6 9 ? 5 . 2 3 6 6 . 3 5 8 
3 4 . 3 6 9 4 . 1 7 4 3 . 8 4 4 3 . 9 3 6 3 . 8 4 8 4 . 2 8 7 3 . 8 8 1 4 . 3 9 3 4 . 8 2 2 5 . 5 5 7 
4 4 . 4 6 8 4 . 2 6 4 4 . 0 0 3 4 . C 3 8 3 . 9 5 7 4 . 1 2 7 3 . 9 9 4 4 . 5 1 7 4 . 9 2 2 4 . 9 6 4 
5 4 . 4 9 7 4 . 3 1 4 4 . 0 4 7 4 . 1 9 2 4 . 1 2 7 4 . 2 1 7 4 . 1 7 3 4 . 5 5 7 4 . 6 3 6 5 . 0 2 8 
S T E P N O . A V E R A G E S Q U A R E D B I A S 
U 3 1 3 5 . 0 4 4 2 7 2 0 . 4 1 7 2 7 5 7 . 9 2 6 2 7 5 1 . 1 9 9 4 3 2 2 . 7 3 7 1 0 7 6 1 . 3 9 5 5 7 4 6 . 0 4 5 5 3 5 0 . 0 3 4 2 9 0 0 . 9 8 9 1 0 4 2 . 6 6 9 
1 9 6 9 . 3 6 6 8 6 1 . 6 0 8 1 3 2 7 . 5 4 5 6 6 5 . 3 6 7 6 1 9 . 2 9 6 7 2 5 . 1 7 2 7 5 7 . 2 7 3 2 0 7 1 . 6 3 3 1 1 0 9 . 9 6 3 1 2 8 5 . 6 4 3 
2 8 2 3 . 3 2 0 7 0 4 . 9 2 9 2 1 2 2 . 4 1 4 7 2 2 . 8 2 6 8 3 9 . 4 6 1 6 9 1 . 1 1 7 7 6 2 . 3 9 1 1 8 7 3 . 6 9 6 7 4 7 . 2 5 5 1 1 2 6 . 6 9 1 
3 7 1 5 . 4 3 4 7 9 9 . 9 1 2 8 8 6 . 9 6 3 7 2 5 . 3 1 4 8 3 3 . 3 4 0 7 7 5 . 0 7 3 7 6 4 . 0 6 3 8 9 9 . 2 8 0 8 4 6 . 5 1 2 1 6 1 0 . 4 2 4 
4 8 2 6 . 9 7 5 8 1 5 . 4 6 4 9 6 6 . 4 3 1 7 6 8 . 2 8 8 8 8 3 . 3 5 2 7 6 3 . 6 0 9 8 0 1 . 6 3 5 1 0 1 8 . 1 2 7 9 6 3 . 2 1 1 9 6 2 . 2 7 4 
5 8 9 0 . 0 2 5 9 3 6 . 5 3 7 9 1 6 . 7 7 8 8 4 3 . 0 4 2 9 3 9 . 0 5 8 8 3 5 . 9 4 5 8 5 5 . 5 9 2 1 1 3 2 . 4 9 9 9 3 6 . 7 3 9 8 5 3 . 0 6 7 
S T E P N O . M I N I M U M MEAN S Q U A R E E R R O R 
0 3 1 4 3 . 6 8 6 2 7 2 7 . 0 5 4 2 7 6 4 . 3 4 7 2 7 5 6 . 3 7 9 4 3 2 7 . 9 6 3 1 0 7 6 8 . 7 5 9 5 7 5 1 . 4 2 2 5 3 5 7 . 8 3 1 2 9 0 9 . 9 9 9 1 0 5 6 . 1 2 7 
1 9 7 4 . 9 2 1 6 6 6 . 2 4 2 1 3 3 3 . 1 1 5 6 6 9 . 2 3 8 8 2 3 . 0 5 6 7 2 9 . 8 1 9 7 6 1 . 0 7 4 2 0 7 7 . 8 2 4 1 1 1 7 . 4 7 0 1 2 9 2 . 8 7 2 
2 8 2 7 . 8 9 8 7 0 9 . 2 1 4 2 1 2 7 . 1 5 4 7 2 6 . 7 2 5 8 4 3 . 2 3 7 6 9 5 . 8 7 6 7 6 6 . 2 0 4 1 8 7 8 . 3 9 1 7 5 2 . 4 9 1 1 1 3 5 . 0 5 0 
3 7 1 9 . 6 0 3 8 0 4 . 0 8 6 8 9 0 . 8 0 7 7 2 9 . 2 5 0 8 3 7 . 1 8 6 7 7 9 . 3 5 9 7 6 7 . 9 4 4 9 0 3 . 6 7 3 8 5 1 . 3 3 5 1 6 1 5 . 9 8 2 
4 8 3 1 . 4 4 3 6 1 9 . 7 2 6 9 7 0 . 4 3 4 7 9 2 . 3 2 7 8 8 7 . 3 0 9 7 6 7 . 7 3 6 8 0 5 . 8 2 9 1 0 2 2 . 6 4 4 9 6 6 . 1 3 3 9 6 7 . 2 3 8 
5 8 9 4 . 5 2 2 9 4 0 . 6 5 0 9 2 0 . 6 2 4 6 4 7 . 2 3 5 9 4 3 . 1 8 5 6 4 0 . 1 6 1 6 5 9 . 7 6 5 1 1 3 7 . 0 5 6 9 4 1 . 3 7 5 6 5 8 . 0 9 6 
S T E P N O . I M P R O V E M E N T R A T I O 
1 . 3 0 9 . 3 1 6 . 4 6 1 . 2 4 9 . 1 8 9 . 0 6 7 . 1 3 ? . 3 6 7 . 3 6 3 1 . 2 3 5 
2 . 2 6 2 . 2 5 9 . 7 6 9 . 2 6 2 . 1 9 4 . 0 6 4 . 1 3 2 . 3 5 0 . 2 5 7 1 . 0 7 5 
3 . 2 2 8 . 2 9 3 . 3 2 1 . 2 6 3 . 1 9 2 . 0 7 2 . 1 3 3 . 1 6 8 . 2 9 1 1 . 5 3 2 
4 . 2 6 3 . 2 9 9 . 3 5 0 . 2 8 6 . 2 0 4 . 0 7 1 . 1 3 9 . 1 9 0 . 3 3 1 . 9 1 5 
3 . 2 8 3 . 3 4 3 . 3 3 2 . 3 0 6 . 2 1 7 . 0 7 7 . 1 4 9 . 2 1 1 . 3 2 2 . 8 1 1 
S T E P N O . M I N I M I Z A T I O N F U N C T I O N 
0 6 . 7 9 4 8 . 8 8 9 1 1 . 8 2 1 6 . 5 4 4 8 . 1 5 8 6 . 7 0 9 9 . 0 0 3 5 . 2 3 3 1 2 . 4 8 1 3 . 3 1 4 
1 4 . 2 3 6 4 . 9 6 9 7 . 7 7 8 2 . 9 4 6 4 . 0 3 9 3 . 4 3 6 4 . 4 2 5 2 . 9 7 1 7 . 1 4 9 3 . 4 8 4 
2 3 . 2 7 2 3 . 9 2 5 9 . 4 7 7 2 . 1 7 3 3 . 0 3 1 3 . 2 0 0 3 . 3 5 9 2 . 5 6 8 5 . 7 1 7 2 . 5 8 4 
3 2 . 5 4 7 3 . 0 9 5 5 . 1 3 7 1 . 6 7 6 2 . 3 7 8 2 . 7 7 6 P . 6 0 4 1 . 6 4 9 4 . 2 7 1 3 . 0 3 8 
4 2 . 5 6 8 2 . 9 7 3 4 . 6 2 7 1 . 3 6 9 1 . 9 7 9 2 . 2 5 2 2 . 1 9 6 1 . 7 6 2 4 . 0 2 0 2 . 0 2 2 
5 2 . 7 6 3 2 . 8 0 6 3 . 8 0 4 1 . 3 7 3 1 . 9 0 9 2 . 1 9 2 2 . 1 0 5 1 . 9 7 6 3 . 8 8 9 2 . 2 5 3 
T a b l e 2 0 , E x p e r i m e n t a l D e s i g n D a t a f o r N = 1 0 , k = 3 , M=7 , B i : j / a = 2 0 
TEST CASE 1 2 3 4 5 6 T 8 9 10 
S T E ? HO. D E T E R M I N A N T OF THE IX X ) MATRIX 
u 8 . 0 2 * 1 1 . 0 6 2 .761 3.774 6.781 1 0 . 8 7 2 2 2 . 9 9 7 6.679 8.310 1 1 . 4 7 7 
1 5 1 . 8 8 1 2 6 . 6 9 8 5.269 2 9 . 1 2 5 3 0 . 2 3 0 4 0 . 4 5 2 6 7 . 8 2 2 35. .469 2 1 . 7 3 1 4 1 . 2 6 * 
2 9 6 . 8 2 2 6 4 . 4 6 8 1 0 5 . 6 9 7 5 5 . 8 9 * 7 2 . 9 7 2 6 8 . 2 8 5 1 0 8 . 5 9 4 81. .165 * 9 . * 2 5 1 0 1 . 0 6 4 
3 1 9 3 . 7 9 7 1 2 8 . 7 3 4 2 5 8 . 1 5 2 1 2 8 . 4 9 2 1 2 7 . * 9 5 1 1 5 . 4 7 9 1*8.890 1 2 9 . 3 * 4 9 5 . 6 9 6 1 6 8 . 0 5 1 
257.i»30 3 0 4 . 5 4 0 S 4 0 . 6 0 3 1 6 0 . 5 8 3 1 6 2 . 6 7 2 2 1 3 . 0 1 7 2 2 3 . 9 5 0 160. .B65 2 1 4 . 8 7 5 2 1 2 . 6 3 5 
5 3 0 1 . 3 5 2 3 7 8 . 1 3 2 9 6 0 . 2 2 9 2 2 4 . 9 0 3 2 2 7 . 6 9 9 3 2 2 . 5 1 3 3 3 1 . 9 6 2 2 * 1 . 5 3 3 2 8 8 . 3 3 1 3 0 3 . 1 2 9 
6 * U 8 . 1 * 2 5 4 4 . 5 0 6 1 2 4 8 . 3 2 U 9 0 1 4 . 7 9 2 2 9 7 . 2 3 6 4 0 3 . 5 5 6 3 9 1 . 2 2 5 3 1 3 . .702 3 7 9 . 2 9 7 3 6 6 . 8 * 8 
7 5 * 5 . 3 3 * 6 9 S . 3 4 2 1 4 * 4 . 8 6 4 4 0 3 9 3 . 2 8 1 4 7 8 . 6 2 5 5 1 8 . 1 7 4 * 7 8 . 5 5 9 • 5 5 . 2 8 7 • 7 9 . 7 7 5 4 3 9 . 1 4 9 
S T E P 1 0 . A V E R A G E VARIANCE 
0 1 1 . 6 9 2 B . 2 9 1 3 0 . 8 2 9 1 2 . 7 B 6 9.131 7.275 6.74? 11 . 4 2 9 7.801 8.872 
1 6.022 7.438 2 1 . 5 7 7 6.632 6.370 5.662 4 . 8 3 8 6. 0 4 7 7.224 5.977 
2 5.005 5 . 5 9 9 6.223 5.597 5.000 5.580 4 . 6 4 * 4. .915 6.586 4 . 6 2 7 
3 1.253 4.756 5.571 4 . 6 3 8 4.663 S.148 4.649 4. .707 5 . 4 0 7 4 . 3 5 8 
4 * . 2 2 6 4.170 4.2*0 4.7*3 4.759 4.4B6 4.391 4. .316 4 . 4 2 3 4 . 4 2 5 
3 1 . 3 6 2 4 . 2 2 5 3.680 4.690 4.685 4.263 4.223 4. .599 4.390 4 . 3 1 2 
D * . 2 7 7 4 . 0 1 3 3.603 3.501 4 . 6 6 8 4.304 4.322 4. .611 4 . 3 6 3 4 . 3 9 * 
7 4 . 2 1 8 3.981 3.667 2 . 6 2 5 4 . 3 5 8 4.276 4.360 4. .413 4.352 4 . 4 5 8 
ST E P 1 0 . AV E R A G E S 8 U A R E 0 B I A S 
0 1 2 5 2 7 . 2 0 8 1 8 8 4 . 7 2 5 2 3 2 3 8 . 8 9 1 1 0 3 1 7 . 3 1 9 3 9 6 8 . 1 7 7 5 3 1 8 . 2 4 1 1 8 7 1 . 8 6 5 2 0 0 4 . .307 1 5 5 8 . 4 0 9 2 2 7 6 . 1 7 2 
1 8 7 9 . 7 1 2 1 8 6 5 . 7 8 5 2 5 * 4 . 2 9 2 1 8 2 1 . 4 3 5 1 5 6 5 . 1 3 7 1 6 5 5 . 2 3 * 7 6 4 . 2 6 2 2 6 3 5 . 5 6 2 1 4 9 6 . 0 7 6 2 2 0 0 . 2 2 1 
2 1 0 * 9 . 3 7 8 1 6 6 7 . 8 2 2 1 2 5 2 2 . 8 8 8 1 8 6 1 . 5 * 2 1 3 7 0 . 8 0 5 1 5 7 8 . 0 2 9 8 6 4 . 3 6 6 1260. .216 1 0 7 0 . * 3 3 1 0 6 9 . 4 8 9 
3 1 0 7 8 . 9 9 * 2 2 6 6 . 4 4 6 4 0 0 4 . 4 8 6 1 6 7 8 . 9 6 8 1 5 5 2 . 8 8 * 1 0 0 9 . 3 1 2 9 3 2 . 4 1 0 1423. .909 9 5 6 . 1 2 8 1 3 2 4 . 4 0 7 
4 1 1 6 2 . 7 5 * 9 8 2 . 4 1 8 3 2 3 0 . 4 4 0 1 7 1 8 . 1 6 3 1 7 1 1 . 9 0 9 1 3 3 1 . 5 0 2 9 5 * . 4 4 5 1569.811 1 0 * 4 . 0 5 1 1 4 5 8 . 8 7 0 
5 1 2 7 1 . * 6 7 1 0 0 3 . 7 3 6 2 2 7 4 . 4 8 0 1 7 9 2 . 2 1 5 1 8 5 8 . 7 2 7 1 0 2 3 . 8 9 6 1 0 3 2 . 5 6 7 1817. .775 1 1 3 2 . 1 2 5 1 2 1 0 . 1 6 8 
o 1 3 7 0 . 6 6 7 1 0 7 6 . 4 5 0 2 1 7 7 . 0 9 3 3 6 8 7 4 0 . 7 0 7 1 9 7 0 . 3 3 7 1 0 9 1 . 3 0 4 1 0 9 6 . 0 6 1 1885. .*06 1 0 9 4 . 7 5 2 1 3 2 7 . 7 2 2 
7 1 1 8 0 . 5 9 5 1 1 2 6 . 0 2 3 2 1 7 1 . 2 3 7 4 2 3 6 7 4 . 9 6 5 1 0 9 6 . 5 2 1 1 1 8 7 . 5 0 * 1 1 9 7 . 4 6 3 1 1 4 9 . 0 7 6 1 2 0 3 . 9 3 8 1 4 6 1 . 6 6 6 
VINI MUM MEAN S Q U A R E ERROR 
1 2 5 3 8 . 9 0 0 1 8 9 3 . 0 1 6 2 3 2 6 9 . 7 2 0 1 0 3 3 0 . 1 0 4 3 9 7 7 . 3 0 8 5 3 2 5 . 5 1 7 1 8 7 8 . 6 0 7 2 0 1 5 . 7 3 6 1 5 6 6 . 2 1 0 2 2 8 5 . 0 4 4 
8 8 5 . 7 3 5 1 8 7 3 . 2 2 3 2 5 6 5 . 8 6 9 1828.1.66 1 5 7 1 . 5 0 6 1 6 6 0 . 8 9 6 7 6 9 . 1 0 0 2 6 * 1 . 6 0 9 1 5 0 3 . 3 0 0 2 2 0 6 . 1 9 8 
1 0 5 4 . 3 8 3 1 6 7 3 . 4 2 1 1 2 5 2 9 . 1 1 1 1 8 6 7 . 1 3 9 1 3 7 5 . 8 0 5 1 5 8 3 . 6 0 9 3 8 4 . 0 1 4 1 2 6 5 . 1 3 1 1 0 7 7 . 0 1 8 1 0 7 4 . 1 1 6 
1 0 6 3 . 2 4 7 2 2 7 1 . 2 0 1 4 0 1 0 . 0 5 6 1 6 8 3 . 6 0 6 1 5 5 7 . 5 4 7 1 0 1 4 . 4 6 0 9 3 7 . 0 5 9 1 4 2 8 . 6 1 6 9 6 1 . 5 3 5 1 3 2 8 . 7 6 5 
l l b b . 9 8 0 9 8 6 . 5 8 9 3 2 3 4 . 6 8 0 1 7 2 2 . 9 2 6 1 7 1 6 . 6 6 8 1 3 3 5 . 9 8 8 9 5 * . 8 3 6 1 5 7 4 . 6 2 * 1 0 4 8 . 4 7 4 1 4 6 3 . 2 9 5 
1 2 7 5 . 8 2 9 1 0 0 7 . 9 6 0 2 2 7 8 . 1 6 0 1 7 9 6 . 9 0 5 1 8 6 3 . 4 1 1 1 0 2 8 . 1 5 9 1 0 3 6 . 7 9 " 1 B 2 2 . 3 7 4 1 1 3 6 . 5 1 6 1 2 1 4 . 4 8 0 
1 3 7 4 . 9 6 4 1 0 8 0 . 4 6 3 2 1 8 0 . 6 9 o 3 6 8 7 4 * . 2 0 7 1 9 7 5 . 0 0 5 1 0 9 5 . 6 0 8 1 1 0 0 . 3 8 3 1 8 9 0 . 0 1 7 1 0 9 9 . 1 1 5 1 3 3 2 . 1 1 6 
1 1 B 4 . 8 1 3 1 1 3 0 . 0 0 4 2 1 7 4 . 9 0 4 4 2 3 6 7 7 . 5 8 6 1 1 0 0 . 8 7 9 1 1 9 1 . 7 8 0 1 2 0 1 . 8 2 3 1 1 5 3 . 4 8 9 1 2 0 8 . 2 9 1 1 4 6 6 . 1 2 4 
1 .070 .989 .110 .177 .394 .311 . 4 0 " 1.311 .960 .965 
2 .084 .883 .538 .180 .345 .297 .47? .626 .686 .464 
i .086 1.200 .172 .162 .391 .190 .497 .709 .612 .580 
-4 .093 .519 .139 ..66 .431 .250 .509 .780 .668 .639 
.101 .531 .091 .173 .468 .192 .550 .903 .724 .530 
b .109 .569 .093 3 5 . 7 1 5 .496 .205 .584 .937 .700 .582 
7 .094 .595 .093 4 1 . i 35 .276 .223 .638 .571 .770 .640 
9.306 b . 8 3 2 1 2 . 9 0 2 9.136 ;.59B 11.704 4 .446 6 . 6 7 ' 8.472 5 . 5 9 5 
1 5.249 4.55b 7.90b 5.r.38 5.068 6.7BB * . 4 0 * 4.403 5.2B4 3.671 
if 4.620 4.521 4 7 9 . 2 4 4 5.t-76 4.529 5.019 ?.74S 4.1»1 4.337 3.369 j 3.950 15.21b 6 5 . 1 8 6 4.523 3. 5 6 * 3.087 '. 3 2 4 s . m 4. 179 2 .293 ^ 1.410 11.03b 6 0 . 8 0 2 4. 765 ^.651 ^.496 ». 14S 3.26.1 2 . 5 2 8 2.209 3.386 1.732 5 7 . 3 0 S 4. V 3 1 . 3 V 2.15R 1 .223 2 . 9 7 7 2. 1 8 ? 1.811 
l.Olo 2 . 6 0 7 5 1 . 8 3 4 4 * « * * » * * « * .5.16? ?.0B3 1 .331 2.T1J 1 .:>t>4 1.838 7 2.216 2 . 0 6 / 51.40c.64 b?t>». :<7S 1 .348 1 .450 I -50? 1.479 2.2JJ ?.150 O l 
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APPENDIX D 
DEVELOPMENT OF THE MOMENT MATRIX AND PRECISION MATRIX 
THE MOMENT MATRIX IS DEFINED TO BE 
N ^ X ' X 
WHERE N IS THE TOTAL NUMBER OF EXPERIMENTAL RUNS IN THE 
DESIGN. IN THE FIRST ORDER CASE 
N~^X'X=!L 
N 
1 1 X^ t X21 • • • 0 Xjj. 








1 [1] [2J . . . [k] 
[LL] & 2 ] . . . Qlk] 
[22] . . . [2K] 
SYM 
Ckk] 
w h e r e 
a n d 
[ i j >! J i X i u X j u 
( c a l l e d s e c o n d o r d e r m o m e n t s ) 
N 
N u = l 
( c a l l e d f i r s t o r d e r m o m e n t s ) 
U s i n g t h e u s u a l s c a l i n g c o n v e n t i o n 
N 
E x i u = 0 
u = l 
a n d 
N 2 
Z X ± U = N 
u = l 
t h e m o m e n t m a t r i x n o w r e d u c e s t o 
x l 
x 2 





s y m 
x« • • • 
0 0 
[ 1 2 ] . . . [ I k ] 
• • • [ 2 k ] 
1 
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Now consider the second order model with k=2: 
l 2 2 
x*̂  2̂ 1̂ 2̂ x ̂  x ̂  
1 0 0 1 1 [12] 
1 [12] [111] [l22] [112] 
1 [112] [222] [122] 
0.111] [1122] [1112] 
sym D?222] p.222] 
[1122] 
where fourth order moments are of the type 
[1111]=1/N Z x* u=l 
N 2 2 [1122>1/N Z x x2 
u=l i U u 
[lll2>l/N ? xj ux 2 u 
u=l . 
The inverse of the moment matrix is the precision 














5 5 5 
Z x u l = -1.7 Z x u 2 = -1.0 Z 
u=l u=l u=l 
The new observation is added to the orthant necessary to 
maintain balance, that is the new observation must be in 
orthant (+++). Since the value of G=+/l/k+2 or .46, the 
new observation is added at (•46, •46,.46). Now the 
iterative solution technique is applied to the above 
initial experiment with the designated augmented observation 
SAMPLE ESTIMATE OF THE STARTING VALUE FOR NEWTON'S METHOD 
Randomly selected design points within an unit sphere 
of interest are assumed to be: 
x l x 2 x 3 
0 -.8 0 
*~ • 8 • 5 ""•3 
-.9 0 .3 
.5 -.3 -.5 
-.5 -.4 -.5 
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W h e n this a u g m e n t e d o b s e r v a t i o n is o p t i m a l l y located, it 
is i n c o r p o r a t e d into the a b o v e d e s i g n , and the e s t i m a t i o n 
p r o c e s s is r e p e a t e d for the n e x t o b s e r v a t i o n to be a d d e d . 
T h i s s e q u e n t i a l a u g m e n t a t i o n t e c h n i q u e is c o n t i n u e d u n t i l 
a l l of the M a l l o w a b l e o b s e r v a t i o n s are added to the 
i n i t i a l e x p e r i m e n t . 
C C O M P U T E R - A I D E D D E S I G N . O F _ E X P E R I _ E N T S _____________ 
C NEWTON 5 METHOD OF N U M E R I C A L ANALSIS 
u I M ENS .1.0 N _ E R A T(5»5^5? r E R AT A ( 5» 5 r 5) 
D I M E N S I O N D A U O U f l O ) 
D I M E N S I O N D M ( l O O r l O ) . ' C O L L (1Q). r AliGPj.10 r 1 ( ! > _ _ O.MMl 11.Q _ _LO M M2 (10) 
D I M E N S I O N 0MM3(i0) >AUGMl(lO) » AU.SM2<10> t A U G U S T ) f FUN (10 f 10) » J C ( 2 0 ) 
D I M E N S I O N TERA(10»10> 
D I M E N S I O N O O M ^ f d O O ) r O O M A M l O O ) 
U I M E N 5 I O N _ P F U N ( 1 Q * 1 0 _ A Q >10) >AJ(1 QQtlOO) r A ( 1 0 0 » 1 0 Q ) 
DIMENSION X T X C l l r 1 1 ) r X T X I ( 1 1 r I D r X A T X A ( 1 1 r 1 1 ) r X A T X A I ( 1 1 r 1 1 ) . V ( 2 ) 
D I M E N S I O N YDET (10 ' 10 ) ' _Y_V_<L1QrlQ) _?_Y.3llO rlO) r YC J (10 »10)» YRI(10 tlDli 
l Y F ( l O r l O ) 
1010 FORMAT U I 2 > . . _ 
1020 FORMAT ( 1 H 1 » l O X r ' D E S I G N MATRIXr TEST CASE — ' ' 1 3 ) 
_103Q._EO.RM A T._.(./! OX. 11.0E1 JL J 1 
1040 FORMAT (/10XP'AUGMENTED MATRIX? TEST C A S E — ' * I 3 ) 
_ 1 0 8 0 _ F O R M A T (/10Xr'FAILED TO C O N V E R G E IN 20 I T E R A T I O N S L ) 
1015 F O R M A T ( / 5 X t • T E S T C A S E — ' * 1 3 * 5 X , ' N = 1 » 1 2 » 2 X f • K = f » 1 1 » 2 X > • M = f *12»2X» »S 
_ 1TEP NO. r 12) 
1090 FORMAT (//10X*'DETERMINATE OF THE X X M A T R I X — »rE10.3/10Xr 
X1DE.IERIMI NATE__QE_JJiELJ(iL_^ 3J 
1100 FORMAT (//10X»'ESTIMATED J-VALUE OF O R I G I N A L M A T R I X — «rE15.8/10Xr 
1'ESTIMATED J-VALUE . O F . . A U G M E N T E D M A T R I X — » • E15*8/10Xf. _ 
2 ' I M P R O V E M E N T R A T I O — • ' E 1 5 . 8 ) 
_ 1110 FORMAT (//lOXf 'ERROR R E T U R N - C O N D I T I O N . ' 1 3 * • PROCEED. TO N E X T T E S T ' ) 
1120 F O R M A T ( / / 1 0 X r ' F A I L U R E TO CONVERGE INITIAL E S T I M A T E S I N S U F F C I E N T ' ) 
LFY=p 
R E A D ( 5 r l 0 0 0 ) NH 
1000 FORMAT (131 
MH = 0 
i READ(5r 1010) NfKrVlrlT 
,ViV| = ̂  _ "' _ 
___ CALL RAMMA (DM?H?LFYr1EL1 
D0.. 5 _ 1 r.Xl f4_.__ . 
5 ivRITE ( 611030 ) < DM (11 J) > J = l, K) 
DO 101 ^il'l'MM .v,Il=v,: + i 
*'kITE ( 6 ? 1015) I2„.N»Kf ̂ !Mr.VI 
. iU = Q_ , 
UO 6 1 = 1r K 
& COLT(I)-OrO 
DO 10 J=lrK 
DO 10 I = 1»N 
C OLT ( J J =DM (11 J) + COLT ( J) 10 CONTINUE 
DO 14- J = lrK 
....THE TEST FOR EQUALITY 3ETKEEN_. NON-INTEGERS_MV/ _ NOI_BE.. MEAMINGRJL* 
IF(COLT(J)«EQ« 0) SO TO 13 
GO TO m 
13 COLT (J) =0,000.1 
, l/i-XONFINUE . 
; G = SGRTQ.0/(K + 2>) 
; DO 1 5 1 = 1 r V)__ 
DO 15 J=i*K 
AJGP(I»J)=G*(C0LT(J)/(A35(C0LTiJ))))*(-l,OL_ _ 
15 CONTINUE 
Dp_l 50__I=.l_r.V! . 
DO 150 J=1.K 
DO 150 Ll = lfV! 
DO 150 L2=1'K 
PFJNv I p J ? Ll ? L2) -0 ___ . _ _ 
1 5 0 C O N T I N U E 
, A O , . I ^ ^ J I = I _ _ J I _ 
D O 1 5 3 J 2 = J L F K 
I D O 1 5 3 J 3 = J 2 » K 
! E R A T ( J 1 » J Z ? J 3 ) ~ 0 • 0 
1 1 5 3 CONTINUE....... 
D O 2 0 I = 1 » K 
_.GV;VIL ( L)=0_..P_ . . : 
O ^ Z I I) = . ~ I . 0 * ( N + ̂ > / ( K * 2 ) ) 
< . ) ~ O , 0.. 
2 0 C O N T I N U E 
D O 2 4 0 = 1 RK 
D O 2 4 I = L R M 
O ^ M L ( J ) - C O L T J . J ) 
0 V; Vi 2 (J) = { 0 VI VI_.»J) + ( D V ] ( L . J ) * * 2 ) ) 
0 V, \I 3 (J) - O M VI 3 (U) +_(D VI Q 1 dL* * 3„? 
2 4 C O N T I N U E 
D O 1 5 5 JL=LF.X 
D O 1 5 5 J 2 - J 1 . K 
___UO. 1 5 5 J3~J2!..K , 
" D O " ! 5 5 " 1 - 3 R N ~ 
E R A T (JI . J 2 R J 3 L=EBATJV FL_..VJ2 F.J3> !< P ^ M L A.J1.) * V M J _J2)J_DM (I J3> ) 
1 5 5 C O N T I N U E 
2 C O N T I N U E 
2 5 . D O 5 5 1 1 = 1 F 2 1 _ 
D O 2 5 L = LF,< 
A U S M 1 (I) = 0 • 0_ _ 
A U G M 2 Q ) = 0 . 0 
AU G VI3 I I ) = 0 « 0 
2 6 C O N T I N U E 
D O 1 5 3 J 1 = 1__K_ 
D O 1 5 3 J 2 = J 1 » K 
D O 1 5 8 J 3 = J 2 R K 
E R A T A V J I R J 2 R J 3 ) = 0 . 0 
XM.S0M1 N u E_ . 
DO 30 J ~ 1 ? K 
DO 30 I = L F V I _ _ _ 
A U G ' * ' ! ( J ) - A U G M I ( J ) + A U G P ( I F J ) 
A J G ^ 2 U > = A U G M 2 < J ) T < A U S P ( I R J > * * 2 > 
A J G V.J ( J ) I" AU3.V]3 ( J ) + ( AU3P ( I R J ) * * 3 ) 
„ .3Q C O N T I N U E . . _ 
00 1 6 0 J 2 = J L R K 
J O 1 6 0 J 3 = J 2 R K 
DO 1 5 0 I -1 ? VI 
E R A T A < J I F J 2 R J 3 ) = E R A T A ( J L R J 2 R J 3 ) + ( A U G P ( I » J 1 ) * A U G P ( I » J 2 ) * A U G P ( I * J 3 ) ) 
I S O C O N T I N U E 
UO 225 1 = 1 •> VJ 
DO 225 J = 1 » K _ 
T E R A C I P J ) = 0 
225 C O N T I N U E . 
K 4 = < - 1 
„ DO £ 5 H 2 = 1 , M , 
DO 2 5 0 J = 1 P K 
DO 2 5 0 J 1 ~ 1 » K 4 
DO Z : 5 Q JZ'Jl?^ 
J 4 - J 2 
1 F < J 2 . E 0 . JL>~ J 4 = J 4 + 1 
DO 250_ J 5 = J 4 R J < 
X S T = 2 . 0 
I F ( J 3 . E Q . J ) G O TO 2 4 5 
1 F U 2 . E Q . J ) GO T O 2 4 6 
I F ( J L . E Q . J ) GO T O 2 4 7 
T E R A D R J ) = T E R A ( I'.t J ) + 0 . 0 
GP _ X Q _ .25 0 . „ 
2 4 5 I F ( J 3 . E Q . J 2 ) X S T = 4 « 0 
GO T O 2 4 8 __ _ 
2 4 6 I F ( J 2 . E G U J 1 > X S F = 4 . G 
G O T O 2 4 9 
2 4 7 I E R A ' I ? J ) = T E R A ( " L R J ) + ( ( E R A T ( J L R J 2 R J 3 ) + E R A T A ( J I R J 2 R J 3 ) > * ( A U G P (X * J 2 ) + 
I A U G P J I_F J 3 ) . _ X > H ) , 
GO T O ZbO 
.248 T F R A ( J R J ) = T E R A_( JL±_J_ __{J £ R M . ( . J I . ' J 2 ?_J3 L T Z R A T A ( J I » J 3 J > * < A U G P ( I » J L ) * 
L A L I G P T I R J 2 ) * X S T ) ) 
GO T O 250 
£49 7 E R A (X , J ) = T E R A < I » + ( ' E R A T ( J I » J 2 R J 3 ) + E R A T A ( J I F J 2 R J 3 ) ) * I A U G P ( I » J L ) * 
l;\J9'->{ I » J 3 M X S T 1 J _ 
2 5 J C O N T I N U E 
J O 430 1 = 1 . 
J O 430 J = L R K 
DO 430 L 3 = 1 P K 
DO 430 L 4 - 1 ' N _ 
I F < L 3 , E Q . J ) G O T O 430 
T E R A ( I R J ) = T E R M L R J ) > 2 » 0 * A U G P ( I » L 3 ) * ( D M U ^ R L 3 ) * D M ( L 4 F J ) + A U G P ( L ' * R L 3 ) 
1 * A U G P ( L M > J ) ) 
J L 3 H C O N T I N U E 
DO 3 1 J ~ 1 ? K 
.......... DO 3 1 1 = 1 , V; __ _ _ _ _ 
F U N ( I fj)-Z* (ami ( J ) + A U G M 1 ( J ) ) + 4 * i QMZ ( J ) + A 'JGM2 ( J ) ) * A U G P ( I it J ) 
1 + 6 * ( ONW3 ( J ) + AUGVI3_( J )_).*.( A U G P ( I * J I * * . 2 . ) + T E R A L I . R J ) 
3 1 C O N T I N U E 
T £ U I VJ=0 , O.„ , 
DO 34 1 = 1 fY\ 
DO 34 J = 1 * K 
34 T F U N = T F U N * A 3 S ( F U N < I * J > ) 
1 F ( ( A 3 5 ( T F U N I L _ I J • ! • E - 5 L _ G Q _ TQ._65 
L'O 36 1 = 1 >M 
PQ._36 J = . I J L < _ „ 
DO 36 L X = 1 » VJ 
DO 36 L 2 = L F K 
I F ( L l . E Q e I . A N D . L 2 . E 0 . J ) GO T O 33 
I F ( L 2 - E Q . J ) GO T O 37 __ 
P F U N d r J f L i ' L 2 ) = Q , G 
GO TQ._ 3 6 . . , 
37 P F U N C I * L l » L 2 ) = 2 + ( B * A U G ? ( I r J ) * A U G P ( L l f L 2 ) ) + 1 8 * ( AUGP ( I f J ) * * 2 ) 
1 * U U G P ( U » L 2 > * * 2 ) _ 
GO T O 3 5 
3 5 P F l M U * J ? I.. 1 * L 2 ) = 2 + _ ( 4 * < 0 M V 5 2 . . ( J ) * A U G y 2 C J.> >.) + 1 2 * A U G P J I _ J ) 
1 * iO'AK5{ J ) +AUGM3C J J ) * 8 * ( AUGP (A * J J * * 2 > + 1 8 * ( AiJGP C I *-J> * * 4 > 
„.3£ C O N T I N U E __. 
Ci 0 4 5 0 1 = 1 
DO 4 5 0 J = 1*K 
DO 4 5 0 J 1 = 1 * M 
D O 4 5 0 J 2 = i ' X 
DO 450 J 3 = l f V | 
D 0 „ 4 5 O . . J 4 = l r X _ 
X S T - 2 . 0 
I F ( J i * E G > I » A N 0 • J 2 »_E 0 • J J . . . G..0 __T 0 .446 
I F ( J 3 • E O . J l . A N D . J 4 . E S • J 2 ) X S T = 4 * 0 
I F ; J 3 E 3 f i , AMD• J 4 o E . 3 » J . ) . _ . X S 7 = 4 • 0 _. . _ . „ 
P F J N ( I ? J » J l r J 2 ) = P F U M ( I » J J J l * J 2 ) + ( X 5 T * ( A U G P ( J l » J 2 > * ( A U G P < J 3 * J 4 } * * 2 ) 
1 * A U G P ( . I P J ) _ ) _ ) , . . 
bO T O 4 5 0 
445 DO 4 4 9 J 5 = J 4 » K _ _ . _ _ _ _ _ 
I F ( J 4 • E*i • J 2 • AND • J b • EQ • J 4 ) GO T O 449 
_____ 1 F ( J 3 . E 3 . J l . A N D . J 4 . E Q . J 2 > X S T = 6 * 0 _ _ _ 
I F ( J 3 . E Q , J l . A N D . J 5 . E Q . J 2 > X 5 T = 8 . 0 
P F L ^ X L J _ _ ^ 
1 * * 2 ) ) 
449... C O N T I N U E 
450 C O N T I N U E 
* 4 = K ~ 1 . _ 
DO 470 I = 1 r V| 
D 0 . . 4 70__J= .1 ± K 
D O 4 7 0 J l ~ i ? M 
D O 470 .4Z-U.K 
J7-0 
D O 4 7 0 
D O 4 7 0 
_ ; f ^ J 4 
i"(J4 - L 
J 3 = l ?K 4 
J 4 ~ J 3 . F J \ 
Q » J 3 )___J&-J6*X 
J 5 - J c c K 
461 
4 6 2 
470 
.1 r ( J . _ 
I F * J 5 * b 
I F £ J 5 » L 
X F ( J 5 o E 
P F U M ( I • 
G O T O 4 
J7=J7 *•! 
I F ( J l . E 
I F ( J 7 « E 
P F J N U r 
:-: p A T /•„ { ,j 
GO'" TO" 4 
X 5 T = 4 » 0 
I F { J7 e L 
P F U N ( I » 
. £ R A T A ( J 
.CONTINU 
DO 5 3 0 
DO 5 3 0 
DO 5 3 0 
DO 5 3 0 
IF (LI. 
I F (LI. 
Or J:L* A N D * J 4 , „ Q . J ) 
'J ̂  J 2 *• A NDfJ3*£Q»J) 
Q « J2 •AND « J 3 » E Q « J) 
3 . J •AND•J4•EQ•J2) 
Q.J.AND.J3«„Q,J2) 
G O T O ^ ' 6 1 
.30. T O 'A b} . 
G O T O 4 & i . 
30 TO 4 6 1 _ 
G O TO 461 
J f J1 jr J 2 ) FL_ F U N (_I i Jr JJ, r.j2)+ 0 ».Q_ 
7 0 
3.1 - AND.J2*E03J) GO TO 462 0* J« OR* J7 J2) XST-4*0 _ 
J * Jl? J2)=PFUN{ X•J» Jl* J2 > + (XST*AUGPC Jl»J7)* < ERA!(J3 > J4 > J5 > + 
3? J 4 1 0 5 ) . ) „ ) . 
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3,J2) GO TO 461 
JfJlpJ2)=PFUN(.!.».J* Jl 9 JZ).+ ( X.51* A U G P < J1 ? J 7) _* (E R A T (J 3.? J 4 ?.J 5)_+. 
3?J4fJ5)) ) 
J = 1»K. 
L1 = 1?M 
L2 = lrK 
EQ»I• AND»L2« EQ»J) GO TO 505 
EQ*I) GO TO 310 
I F ( L 2 . E Q * J > G O T O 5 1 5 
P F J N ( I » J R L L F L 2 L = P B _ U . L ? J ' L 1 . . ' . L 2 ItZ • Q * A U G P ilj 12) * A U _ 3 . P L U _ J _ ) _ . 
G O T O 530 
505 DO 506 L 3 = L R K .._ . . 
I F < L 3 * E 3 « L 2 ) G O T O 506 
P F U N ( U J » L J . _ L 2 J ^ F ! _ _ _ 1 L L ^ ^ 
506 C O N T I N U E 
G O T O 5 3 0 
5X0 P F U N ( I ? J » L L > L 2 5 = P F U I N L ( I R J P L L » L 2 ) + 2 T O * A U G P ( I R J ) * A ' J S P ( L I » L 2 ) 
J O 5 1 1 14 = 1 f N ... . . . ... . 
P F U N ( I ? J P L L F L 2 ) = P F U N ( I » J F L L ' L 2 ) + 2 • 0 * CDM(L4 R J } * D M ( L 4 R L 2 > + 
1 A J G P ( L 4 / J ) * AUG.P U _ I L _ J 
5 1 1 C O N T I N U E 
G O T O 5 3 0 
5 1 5 DO 5 1 6 L 3 = I > K 
I F ( L 3 . E Q . L 2 ) G O T O 5 1 6 
P F U N I I * J R L L » L 2 ) = P F U M ( I t J R L L » L 2 > + 2 . 0 * A U G P ( I » L 3 ) * A L ' G P < L L * L 3 ) 
516_ C O N T I N U E 
530 C O N T I N U E 
L 3 = 0 
D O 4 0 1 = 1 # M 
D O 40 J = 1»K _ 
L 3 = L 3 + 1 
_L'4?0 
DO 40 L 1 = 1»VI 
DO 40 L 2 = 1 » K . 
L 4 = L 4 + 1 
A J ( L 3 F L 4 ) = P F U N ( I , J R L 1 ' L 2 ) 
4Q C O N T I N U E 
N 1 = M * K 
MC=VI*K 
V < 1 ) = 2 
C A L L . G J R _ A J _ A P 0 f 1 0 0 t N1JLM£JL$7 0 _ JCj..M± 
Q E T J = V U > * E X P < V 1 2 ) 5 
DO 5 5 Lb~l ?vi 
D O 5 5 L 6 = 1 P K 
L) E T - 0 „_ . . . . _ 
L 5 » 0 
D O . 5 0 _ _ J = . _ _ 
D O 5 0 J = l f < 
l,3 = L 3*i .... 
L v " 0 
I ;0 BO . _ i = X » t f 
DO 50 L 2 = 1 r K 
X F ( L X . E 3 . L 5 » A N D « L 2 « E 0 , L 6 ) G 0 T O 4 5 
. . . . . . A ( L 3 <? L 4 ) = P F U N » I » J P L X ? L 2 ) 
0 0 T O 5 0 
. 4 5 A ( L 3 ? L 4 ) = - 1 . . 0. * F U N ( I . . . . J ) 
5 0 C O N T I N U E 
C A L L G J R ( A P 1 0 0 ^ 1 0 0 f NlP M C r S 5 4 f J C r V ) 
_ . _ D E T ~ V U ) * E X ^ ! V ! 2 ) ) . .... . . _ ....... 
/ i U G P ( L b * L S > = A U G P < L b R L 6 ) + ( D E T / O E T J ) 
5 4 ftRITEib»liiC) D C C i ) 
5 5 C O N T I N U E 
5 5 C O N T I N U E 
6 5 C A L L X M A ( DVI* A U G P r XTx * X T X X » X A T X A » X A T X A I r D E T X » D E T X A . N . K » _ M ' D A . ) 
I F ( y i . E Q . l ) G O T O 6 3 
G O T O 6 4 
6 3 X O E T X = D E T X 
m ^ R I T E A b . ^ . 
Y D E T C l r I 2 ) = X D E T X 
_ _ Y D E T ( V ) l X r I 2 ) = D E T X A 
C A L L C K R ( C D , C J A » R I ? X T X * X T X I P X A T X A P X A T X A I * N * K » V * D M ; D A * V I I ' 1 2 * Y V » Y B > 
I F (V.I.EQ . 1 ) G 0 _ T 0 . 6 1 _ . . . . £ 
G O T O 6 2 
6 1 J & W = C v L . . 
6 2 * R X T E ( 6 F 1 1 0 0 ) X C J > C J A ' R I 
Y C J ( L » I 2 ) . R X C J 
Y C J ( M I 1 * I 2 ) = C J A 
Y R I I M L F I 2 ) = R I 
O O M 1 = 0 
O O M 2 = o 
O 0 M 3 = 0 
0 0 - 5 = 0 
0 0 M A 1 - Q 
O 0 M A 2 = 0 
0 0 M A 3 = 0 
0 0 M A 5 = 0 
1 ) 0 6 6 I = X > K 
0 0 M1 = o 0 M1 + (0 M M 1 ( I I * * 2 L _ 
~ " 0 0 M 2 = 0 0 M 2 + ( ( O M M 2 ( I ) + ( L , 0 * < N + M > / ( K + 2 ) > - < 1 . 0 * 
O 0 . M 3 = 0 O M 3 + ( 0 M M 3 ( I ) * * 2 > 
_ O C M A L = O O M A I + ( * 0 M V , 1 < J ) + A U 3 M 1 < I > ) * * 2 ) . 
O 0 M A 2 = O 0 M A 2 + ( ( 0 M M 2 ( I > + A U 6 M 2 < I > ) * * 2 J 
O 0 M A 3 - O 0 M A 3 v ( < 0 M M 3 ( I ) •*• A U G M 3 ( I >_ > * * 2 ) 
6 6 C O N T I N U E 
_ _ J < I ~ K ~ I 
Ll = 0 
D O S O J - 1 ' K 1 
J 1 = J + 1 
J O 8 0 L 3 = J I _ F _ _ * -
L L = L L + i 
O O M ' F L L L )_=0 
O 0 M A 4 ( L I ) = 0 
80 C O N T I N U E 
K 1 = K - 1 
L I = 0 ... __ 
£ 7 
6 9 
D O 6 6 J = 1 ? K 1 
J l = J - H 
D O 6 3 L 3 = J 1 * K 
Li - L i U ._ _ 
D O bl 1.4 = 3 tH 
O O m ( L I ) = 0 0 M 4 j L I i ± Q _ i ( L 4 » J l _ _ D M < L _ <• L3_>_ 
C O N T I N U E 
U C M 5 = 0 0 -A ̂ 0 0 3 4_v L .!>.*•£ 
. 
L 1 = 0 
u":< 7 1 J = . 1 . ! . K 1 
Ji=J+i 
u& 7 1 _ L & = J J L i _ _ 
L l = L l + l 
D O 6 9 L'.'- = l r M _ 
0C-MA4<Li ) = O O M A 4 ( L . l > : - A U G P ( L 4 ? J > * A U o P ( L 4 * L 3 > 
C O N T I N U E _ -
OOVIA5 =OQVIAD+ ( 6C),VM L 1 > + 0 0 V » A 4 < L l > > * * 2 
G 0 M 6 - G 
G 0 M A 6 - 0 . _ __ 
K 4 - K - 1 
D O 6 1 0 1 = 1 *M 
D O 6 1 0 J = l r K 
D O 6 1 0 J l = l f K 4 
6 1 0 
D O 6 1 0 J 2 = J l r K 
J 4 = J 2 .. . _ _ 
1 F C J £ - E Q C J 1 ) J 4 = J 4 + I 
D O 5 1 0 J 3 = J 4 » K 
00.v.6 = 00M6+ ( E R A T \ J l t J 2 * J 3 ) * * 2 ) 
_ 0 0 M A 6 = 0 0 v ; A \ A ^ K ^ S ^ J L . L y ) 2 j ^ . ^ l ± Z R h l A l ^ ) I j l J Z j . J 3 J L _ * * _ J _ 
C O N T I N U E 
F J14 1 M = 0 G v, 1 + 0 0 M 2 + 0 0 V! 3 + 0 0 V, 5 * 0 0 M 6 
FJNFM"-00MA1 + 00VIA2 + 00MA3 + 00MA5 + 00MA6 
IF. ( M I « E . 3 • 1 ) . . . ( ? . Q L . - T 0 . . _ 7 2 _ _ _ -
7 G O T O 7 3 
J 7 a _ . F j J . N I M = F J J N -7 3 I.RITE(6»100l)XFUNIM 
YFU> X2)=XFUNIM _. _ 
Y F ( M i l rl2)=FUNFV| 
10 i i i F O R M A T C//10K^RJMRTJJ^ 
w R J T E 'FOP.1002) FIWFV 
1 0 0 2 F O R M A T ( l O X . ^ l N J A L MlMIMAZATION FUNCTION EQUALS 'r£i0.3) 
G O T O 9 9 
7 0 v .R ITE<b* i . l lO> JCQ) 
GO TO 9 ? 
9 9 CONTINUE 
N = N + 1 
D O 1 0 0 J=1,K 
u M £ N ? J) ~ A U S P ( M »_J)_ 
1 0 0 CONTINUE 
__ 1 0 i ^ C O N T I N U E . 
URITE(&rl04 0) 1 2 
D O 1 0 3 i = l * N _ _ 
1 0 3 . i R I T E ( & ^ 1 0 3 0 ) (QM(ir j) I J = J L . K > 
N ' - N - M M . 
1 0 2 CONTINUE 
WRITE ( 6 f 1050) N > K r MM 
1050 FORMAT<1H11/////»35X»'TABLE . EXPERIMENTAL DESIGN DATA FOR N=ffI2 
l ? f » K= ' f I 2» F P M= I?I2//) _ _ _ 
. . R I T E C G f 1 X 3 0 ) 
_ 1 1 3 0 _ F O R M A T ( 1 O X * » — — — — — ™ — 
1- > » ) 
i&RIIE <_6„1060)_ _ 
1 0 & 0 FORMAT (10X» ' TEST CASE ' ^ X J ' I ' ^ X * ' 2 ' P 9 X ' f3»»9X» "4.»9X» f5.»9X» 
l '6 ,R9XP ,7_.r9X»_. ,6 P.F.9X» I_9. ,F9XPM0 F_)__„ 
W R I T E ( 6 ? 1 1 3 0 ) 
. _ * / R I T S < 6 ? L Q 7 Q . ) _ 
1 0 7 0 F 0 R M A T ( / 1 0 X ? ' S T E P N O . ' P 3 5 X P • D E T E R M I N A N T O F T H E ( X X ) M A T R I X 1 7 ) 
I K = Q 
VIX = .*W*l 
J O 1 0 4 1 = 1 r M X 
, V R U £ < 6 F 1 1 4 0 ) IK* ( Y D E T C I R J ) » J 3 1 » 1 0 ) 
H - I K D 
1 0 4 C O M I N U E 
_ . J.l 4 0 F O R . ' A T { X ^ ^ Z i J i ^ j X ^ l D ^ , 
A R I T E ( 6 F 1 1 3 0 ) 
P R 1 T E C 6 » . ] .15Q_ . 
H 5 0 F 0 R M A T ( 7 I G X P ' S T E P ( M O * F P 4 2 XP ' A V E R A G E V A R I A N C E ' / ) 
A < - 0 . 
D O 1 0 5 I = i ? M X 
ti * I I E j t i ? J L J 
1 K = I K + 1 
5 . C O N T I N U E 
iv R I T E ( 6 P 1 1 3 0 ) 
I \ R J . T E ( 6 » L I & 0 > . _ __. . ._ .... 
U 6 0 F O R M A T ( / 1 0 X » ' S T E P N O • ? P 4 0 X » ' A V E R A G E S Q U A R E D 3 I A S ' 7 ) 
.l.KFU 
D O 1 0 5 1 = 1 P M X 
W R I T E ( 6 P 1140 )__ I KJP.( Y._ ( L P J ) _P J - ! * 1 0 ) 
I K = I K + 1 
106. . C O N T I N U E 
W R I T E ( 6 P 1 1 3 0 ) 
J ^ I T E 1 6 P _ 1 1 7 0 J . 
1 1 7 0 F O R M A T C / I O X P 1 S T E P N O * ' P 3 7 X R • M I N I M U M M E A N S Q U A R E E R R O R ' / ) 
I K = Q 
D O 1 0 7 1 = 1 P M X 
> v R I T E ( b r i 14 ' G ) ~K? (YCJ< 11 J ) r J = I » 1 0 < 
K = I K » - i _ _ _ _ _ _ _ _ _ _ 
C O N T I N U E 
R I T E ( 6 * 1 1 5 0 ) 
, v R I T E ( 6 r 1160) 
FO R M A . L l / . i . Q Xp
 g
 STEP NO* « >^1X> 'IMPS QV£V)ENT RATIO* /) 
DO 1 0 8 I ~ 1 ? vi,v. 
A R I T E < 6 r 1 1 4 0 ) IK * (YRI(If J) » J - i n O ) 
CO NT I'NiiE 
W R I T E (6p . 1 1 3 0 ) 
ft'RITE(6r1190) 
FORMAT(/10X» __ STEP__NO. « _39X _LMlNIWlZATlON FUNCTION 
I K = 0 
DO 1 0 9 I = l p V i X 
i f t R I T E ( 6 r ll«+0) I K M Y F { I » J ) ' J = U 1 0 ) 
i*=IK+l 
C O N T I N U E 
,VM = MH + 1 
IF(M H t L T • N H ) GO TO 1 
S T O P 
END 
SD3R0UT I M_ X M A ( D V ) , AUGPp KJXt X T X I P X A T X A P XATXAI r DETX» DETXA • N> K » M» DA) 
UIMEN5I •D'\L.p_l(. lQ 1 r.ni 
DIMENSION XATXA(lifii) »XATXA1(11*11) . D A C l O O ' l Q ) *JC(20) » V (2 ) *U<2) 
DIMENSION X (lPQiil A ( 1 0 0 ' U > _._A_ H » 1H? 3 < 11* 1XL 
DO 10 I = 1»N 
DO 1 0 J = l r K _ _ 
DA<I>J)=3M<IfJ) 
...10. CONTINUE . 
iNl=N 
DO 15 1 = 1? vi , . 
N2=Nm 
DO 15 J = l r K _ . _ 
DA(NlfJ)=AUSP(I»J) 
_15_ CONTINUE . 
! U = K + 1 
U=N+>4 .. 
D O 20 1=1rN 
_ . D O 20 J = 1 » K X 
IF ( J . E G . l ) G O TO 17 
J . l = J - l . . . 
M I I f JI) 
G O TO 2 0 _ _ _ 
17 XC'J)=i.O 
20 Continue """"""~ ' 
DO 25 1 = 1 r ui 
D O 25 J=I»K1 
IF (J.EQ.l) GO TO 22 __ _ 
J2=J-1 X A_(. I. r J) = 0 MJ__J 2J 
G O TO 25 
22 XA(I*J)=1.0 __ 
25 C O N T I N U E 
CALL MXTV|LT<XpN>KlrXTXr$50»100*li) 
C A L L M X T M L 7 < X A * L i e K X e X A T X A • 5 5 0 r 1 G 0 • i l ) 
j D 3 5 J-i?Kl 
A ( j . f J ) = X T X ( 1 9 J) ___________ 
3 5 6 ( I • J ) = X A 7 X A U # J~> ~ ~ 
_ V ( i ) = 3 
C A L L G J R ( A p l l p l l r K l r K l . $ 5 5 p J C e V ) 
U ( l ) = 3 , 
C A L L G J K { 3 » 1 1 ? i 1 • K X <• K X » $ 5 5 * J C * U > 
J = : T X = V ( 1 ) * £ X P ( V « 2 ) ) . _ . . 
0 E 1 X A = U i l ) * E X P ( U ( 2 ) > 
0 0 4 0 I = _ e i U 
J O 4 0 U ~ X r K l 
X T X X ( X ? J J « A < I * J } * N . 
X A T X A I C i r J ) = 3 ( I f J ) * L l 
. . . 4 Q . _ C O N T I N U E _ 
G O T O 6 0 
5 0 W R I T E ( b e l O O ) _ _ _ _ _ 
1 0 0 F O R M A T ( 1 H 1 e • E R R O R E X I T F R O M M A T K S T A T R O U T I N E M X T M L T ? ) 
G O . . . T O . . 6 a 
5 5 w R I T E ( & e l l O ) J C ( 1 ) 
1 1 0 F O R M A T ( 1 H I t l O X e • E R R O R . R E T U R N . F R O M G J R - C O N O I J I O N - S 1 3 ) 
6 0 C O N T I N U E 
R E T U R N 
cc 
S U B R O U T I N E C K R ( C J f C J A » R I r X T X t X T X I t X A T X A t X A T X A 1 9 N * K ? M • D M f D A t M l > 1 2 • Y 
£ V » Y £ ) - _._ -
D I M E N S I O N T V ( I Q P I C ) * Y 3 ( 1 0 - 1 0 ) 
„JD.I ME ;NS1 .0M_ X l / ^ a X U l i j L m m U l i J ^ M J X _ <XLiJ.lliAb.TAA]J±L>±l} 
D I M E N S I O N O M M d Q r X O > 1 0 ) t O M M A ( 1 0 r 1 0 » 1 0 ) • D M ( 1 0 0 r 1 0 ) * D A ( 1 0 0 c 1 0 ) 
, v . X l = M H - l . _ . _ ._. ._ 
K i = K + .1 
N 1 ~ : ^ M _ 
A L P H A - S O R T ( N ) / O • 0 5 
_ A L P H A A = S Q R T , ( N D / Q . O 5 
v - i * 0 
V A ~ 1» 0 
D O 5 J = 2 » K 1 
V = V + X T X I ( J r J ) / ( K + 2 ) 
_ _ V A = V A + X A T X A I (_Jr J)/<< + 2_> 
5 C O N T I N U E 
I F ( V i l . E S . D G O T O 6 
G O T O 7 
__b X v = V _ _ . 
7 w R I T E ( 6 ? 1 0 0 i X V ? V A 
1 0 0 F O R M A T ( / / 1 0 X f * V = » » E l O _ _ 3 r 5 X ? f V A = ' » E X Q . 3 ) 
Y V i l f I 2 ) = X V 
V V ( N 4 I 1 * I „ ) - V A _ 
D O 1 0 L i = l > K 
D 0 _ J 0 „ L 2 = 1_PK 
D O 1 0 L 3 = i * K 
O M M ( L U L 2 * L 3 ) = 0 . 
D M M A ( L 1 P L 2 * L 3 ) = 0 
_ 1 0 _ C O N T I N U E _ 
D O 1 5 L 1 = 1 « K 
D 0 _ _ 1 5 L 2 = l j _ K 
D O 1 5 L 3 = i r K 
_ D 0 1 5 1 = 1 r N 
C K M S L 1 * L 2 ? L 3 ) " O m i t i r L 2 r L 3 ) + I » L I > * D M < X f L 2 ) * D M ( I > L 3 > > 
1 5 C O N T I N U E _____ ._. _ 
D O 20 L U l ' K 
_ U . C > . . 2 0 _ L 2 ~ 1 _ ! < . 
oO 2 0 L 3 — 1 p K 
0 0 2 0 I = 1 ? N 1 
0 ' W . U . l p L 2 p L 3 ) = d M M A ( \ l » L 2 p L 3 ^ + ( D A < l p L l ) * D A i I r L 2 ) * D A ( I > L 3 } ) 
2 0 C O N T I N U E 
jO 2 1 L l = i * K 
_ j O 2 1 . L ? = ? . f K . „ . 
0 0 2 1 L 3 = i ' » ~ K ~ " 
0 vl "1 i L l 3 L 2 » L 3 ) = 0 V . M ( L l » L 2 P L 3 ) * ( 1 * 0 / \ ) _ 
O T - 1 A ( L l r L 2 * L 3 > = O M M A ( L l » L 2 » L 3 ) * < 1 . 0 / N 1 > 
2 1 C O N T I N U E _ 
T F = Q 
I F A ~ Q 
U O 2 5 L G = 2 ? K1 
F T ' = 0 . 
F T A = 0 
C O 2 5 _ L I = 1 > K 
i ; 0 2 5 u J = L 1 9 <\ 
D O 2 5 . L H - ' - l * K 
L D - L r l + l 
_ F T z f j t { A L P H A * X T X I ( L S r L O ) * Q m ( L K > L I » L J > ) 
F T A = F T A + ( A L p H A A * X A T X A I ( L G ' L O ) * O v i M A ( L H r L I » L J ) ) 
2 5 _ . C O N T I N U E 
1 F = T F + ( F T * * 2 ) 
J F A = T E A t . _ J M * 2 1 . 
2 6 C O N T I N U E 
TF = T F * U . . 0 / < K + 2 ) ) _ _ _ __ 
lFA=TFA*(1.0/(K+2)> 
I F ( M I * E Q * 1 ) G O _ T O _ _ > 7 _ 
G O T O 2 2 
2 2 W R I T E ( 6 » 1 0 1 ) X T F P T F A 
0 1 F O R M A T ( 1 0 X r J _ T F = _ ! . r _ E l . 0 . 3 L L 5 X . „ » J _ £ A = ! _ » £ _ L Q . - . _ > 
0 0 2 0 I = 1 * K I 
D O " 2 A ' ' J = ' I R K T ~ ' ' 
X T X ( I f J ) = X T X ( I P J L * (_i • Q / N ) _ 
X A T X A i I P J ) = X A T X A ( I ? J > * ( 1 • Q / N L > 
2 8 C O N T I N U E . _ 
bl-Q 
S » A r_Q. 
D O 3 U L I = 2 P K 1 
D O 3 0 L J = L I P K 1 
1 F ( L I * E 0 . L J ) S O T O 2 9 
b T = S T + « A L P H A * ( X T X ( L I P L J ) ) > 
S T A = S T A + ( A L P H A A * ( X A T X A ( L I P L J ) ) ) 
b O T O 3 0 _ 
2 9 S T = S T + ( A L P H A * ( X T X ( L I P L J ) - ( 1 . 0 / ( K + 2 J ) ) ) 
S T A = 5 T A + ( A L P H A A * ( X A T X A ( L I P L J > - . ( 1 . 0 / ( K + 2 ? . ) . > > 
3 0 C O N T I N U E 
. . _ . „ b T ~ S T * * 2 . . _ 
S T A = S T A * * 2 
, 1 F . . J M I . E G J * J L ) _ J 3 L C - J T . 0 _ _ _ 1 
o O T O 3 2 . 
3 I _ X 5 T = S T 
3 2 ftRITE(6PL02) X S T P S T A 
0 2 F O R M A T ( 1 0 X * _ S T = _ P E 1 0 • 3 ? 5 X ? 1 S T A = 1 P E l Q , 3 ) 
A T = D 
A I A = D 
K 2 = K - 1 
D O 3 5 L I = L R K 2 -
J = L I + 1 
D O 3 5 L J = J J K 
A T = A T + ( A L P H A * * 2 ) 
A T A = A T A + ( A L P H A A * * 2 ) 
3 5 C O N T I N U E 
] T ~ < 2 * < K + 2 ) * K * < A L P H A * * _ X t ( K + 2 l * A T ~ A * . I K *ALPHA ) **2) 
T T A = i 2 * ( K * 2 > * K * ( A L p ri A A * * ? J . t < K + 2 > * A T A - 2 * ( X * A L P H A A ) * * 2 ) 
I F . J VJ I . E Q . . X L . A . _ J L Q _ 3 _ 
T O 3 7 
36 A T " r ~ - T f 
3 7 . R ! T £ < 6 * 1 G 3 > X T T ? T T A 
.03 F O - : « A T C I . 0 X ' ' T I r » ? £ 1 O » 3 . 5 X . . _ . T T A - * P E 1 0 « 3 ) 
b ; : "i F f £ i" T T 
d A F_T F A i b T A + 12. A irr E G . 1 ) G O T O 3 3 
G O T C 3 4 
3 3 X 3 - - 5 
3 4 w R J T E < 5 ? 1 0 5 ) X 3 . r 8 A 
1 0 5 F O R M A T ? X O X r ? B = » r £ 1 0 * 3 » 5 X > « B A - » * E l 0 , 3 ) 
Y 3 U . I 2 ) = X 3 
Y 3 ( M I 1 , I 2 ) = 3 A 
if ( . v J ^ E S - i ; G O T O 3 8 
. . G O T O 39 ._. „ 
O W ,\ \- u - V- * > 
_>_._ C J A = V A + _B A 
~ K 2 = < - 1 
B E T A = 0 
D O 4 0 I = 1 P K 2 
Ji = I U 
D O 4 0 J = J 1 P K -
" b E T A = 3 £ t A + 1 . 6 
1 .0 C O N T I N U E ^ T T T — 
T r i E T A A =.N 1 * l i O i l LQ-? - 5 * 3 E T _ _ L . L 
P H I = < K * i ) * * 2 / < T H E T A / N ) 
P H I A = ( K * i ) * * 2 / ( T H E T A A / N l ) 
C J 3 = < i + K > + T H E T A * < ( 2 * ( K + 2 - P H I > 7 ( ( ( < + 2 ) * * 2 ) * ( K + 4 > ) ) ) 
C J A 8 - ( 1 + K ) + THETAA* ( ( 2* ( K + 2 - P H I A ) / ( < ( K + 2 > **2 > * (K + 4 ) ) >.)_ 
IF ( M X . E Q . D GO TO 41 
GO TO 42 
4 1 X C J 3 = C J 3 
4 2 . v R I T E ( 6 » 1 0 4 ) X C J B » C J A 3 _ 
1 0 4 F O R M A T ( 1 0 X > ? C J B = ? » E 1 0 » J W 5 X * »CJA3=' ,E10.3) 
ftI=CC.'A-CJAS)/<XCJ-XCJ3> 
R E T U R N ) 
E N D ... _ _ 
SUBROUTINE. RANVIA. (DM» M iK p L F Y p YFL) 
DIMENSION D M ( l O O p i O ) P X ( I O O O ) P K M ( I U O ) 
IF" fLFY.ST,ITO7™GO T O 2 
X < i > = 2 S I 6 ' 4 0 5 
I-0 T 0 w 
2 X<1)=YFL __ ._ . _ 
3 C O N T I N U E 
_ .CALL R A M D U ( X P 100 0 . ) 
Y ~ L = t X ( 1 0 0 0 ) + X ( 9 9 9 ) ) * (1.E* 7) 
DO 5 1=1p1000 
X ( I ) = X ( I ) * 2 . 0 - l f 0 
_5. C O N T I N U E _._ 
DO 6 I=1fN 
X M i I ) = 0 . _ 
& CONTINUE 
L 1 = 0 . . 
JO 15 I=1?N 
DO 15 J = 1,K . 
L i = Lm 
.. JM<I, j ; = X _ U X 
X M ( I ) - X M CI ) + ( D M ( I P J ) * * 2 ) 
1 5 C O N T I N U E _ 
DO 30 I=1?N 
L 1 = L 1 + X 
IF ( X M ( I > . G T . 1 . 0 5 ) G O T O 2 0 
GO T O 30 
2 0 DO 2 5 J = 1 P K 
D M ( I * J ) = ( D M VI. J ) / S Q R T ( X M (_ I . ) > ) * X (L I . ) ._ 
2 5 CONTINUE 
30 CONTINUE 
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